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Abstract. In this paper, we establish global W^''' estimates for solutions to the linearized 
. Monge-Ampere equations under natural assumptions on the domain, Monge-Ampere 

measures and boundary data. Our estimates are afiine invariant analogues of the global 
W'^''' estimates of Winter for fully nonlinear, uniformly elliptic equations, and also lin- 
earized counterparts of Savin's global W^''' estimates for the Monge-Ampere equations. 
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1 . Introduction and Statement of the Main Results 

In this paper we consider the linearized Monge- Ampere equations and investigate global 
U estimates for the second derivatives of their solutions. Let Q c R" be a bounded con- 
vex domain and be a locally uniformly convex function on Q.. The linearized Monge- 
Ampere equation corresponding to (p is 

n 

(1.1) X^m:=_^0%=/ in a 

where O = (<t'^)i<, y<„ := (detD^0) (D^cpy^ is the matrix of cofactors of the Hessian 
matrix D^cf). Because the coefficient matrix O is positive semi-definite, is a linear el- 
liptic partial differential operator, possibly degenerate. The operator appears in several 
contexts including affine maximal surface equation in affine geometry HTWl ITWll ITW2[ 
ITW3II . Abreu's equation in the context of existence of Kahler metric of constant scalar 
curvatures in complex geometry [|Dll ID2[ ID3[ ID4[ IZh|| . and semigeostrophic equations 
in fluid mechanics [B uCNPl ILoeL Solutions of many important problems in these con- 
texts require a deep understanding of interior and boundary behaviors of solutions to the 
equation (11.11) . 

The regularity theory for the linearized Monge-Ampere equation was initiated in the 
fundamental paper nCG2|| by Caffarelli and Gutierrez. They established an interior Har- 
nack inequality for solutions to the homogeneous equation = in terms of the pinch- 
ing of the Hessian determinant A < detD^0 < A. Their theory is an affine invariant 
version of the classical Harnack inequality for uniformly elliptic equations with measur- 
able coefficients. This result played a crucial role in Trudinger-Wang's resolution flTWHl 
of Chern's conjecture in affine geometry concerning affine maximal surface in and in 
Donaldson's interior estimates for Abreu's equation in complex geometry [ID2II . Another 
contribution to the regularity theory comes from HGTH where Gutierrez and Tournier de- 
rived W^''^ estimates for small 6. The interior regularity for equation (11.11 ) was further 
developed by Gutierrez and the second author in HGNli IGN2II where the (sharp) interior 
C^'" and W^''^ estimates, respectively, were obtained. 

Regarding the global regularity, by using Caffarelli-Gutierrez's interior Harnack esti- 
mates and Savin's localization theorem. Savin and the first author ULSI established bound- 
ary Holder gradient estimates for solutions to the linearized Monge-Ampere equation. 
Furthermore, the first author |IQ proved global Holder estimates for solutions to (11.11) 
in uniformly convex domains, which are the global counterpart of Caffarelli-Gutierrez's 
interior Holder estimates nCG2| . 

As mentioned above, Gutierrez and the second author derived in IIGN2II the interior 
W^''^ estimates for solutions of (11.11 ) in terms of the L^-norm of / where q > max{n,p}, 
the pinching of the Hessian determinant A < detZ)^0 < A and the continuity of the 
Monge-Ampere measure detD^0. The purpose of our paper is to establish global W^-^ 
estimates for solutions to the linearized Monge-Ampere equation (11.11) under natural as- 
sumptions on the domain, Monge-Ampere measures and boundary data. 
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Our first main theorem is concerned with global W^'^ estimates for the linearized equa- 
tion (11.11 ) when the Monge-Ampere measure det D^(f> is close to a constant. 

Theorem 1.1. Let D. be a bounded, uniformly convex domain with dQ £ C^, and let 
(p G C{Q.) be a convex function satisfying cp = on dO.. Let u 6 C(Q.) fl Wf^"{Q.) be the 
solution to the linearized Monge-Ampere equation 



where f e U'{Q) with n < q < oo. Then, for any p e (l,q), there exist < 6 < 1 and 
C > depending only on n, p, q and Q such that 

||m|Iiv2,p(Q) < CWfWmsi) 

provided that the Monge-Ampere measure of(p satisfies 

1 - 6 < det < 1 -H 6 in Q. 

As a corollary of our method of the proof of Theorem 11.11 we obtain global W^''' es- 
timates for equation (11.11) when the Monge-Ampere measure detD^cp is continuous. Our 
second main theorem states as follows. 

Theorem 1.2. Let Q be a bounded, uniformly convex domain with dQ 6 C^, and let 
(p G C{Q) be the convex solution to the Monge-Ampere equation 



\ detD^^ = g in Q, 
I =0 on dQ, 

where g £ C{Q) is a continuous function satisfying < A < g{x) < A in Q. Let u £ 



where (p £ W^'%Q), f £ L^(Q) with n < q < s < oo. Then, for any p £ {\,q), there exists 
C > depending only on A, A, n, p, q, s, Q and the modulus of continuity of g such that 



Our estimates are the affine invariant analogues of the global W^'^ estimates of Winter 
HWill for fully nonlinear, uniformly elliptic equations, and are also linearized counter- 
parts of Savin's global IV^''^ estimates for the Monge-Ampere equation |[S3l . The con- 
tinuity condition on the Monge-Ampere measure in Theorem 11.21 is sharp in view of 
Wang's counterexample iTWl for solutions to the Monge-Ampere equation and the fact 
that £,^(p = n det D^(p = ng. The global second derivative estimates in Theorem 11.11 and 
Theorem 11.21 depend only on the bounds on the Hessian determinant det D^(p and its conti- 
nuity or closeness to a constant, the geometry of Q and the quadratic separations of 4> from 



£^u = f 
u =0 



in Q, 
on dQ, 




\\n\\w^-i'(a) <C(\\<p\\w2..Hn) + \\f\\mn)). 
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its tangent planes on the boundary dQ. which is guaranteed by the character of bound- 
ary domain dO., data |,5n and the uniform convexity of Q (see Proposition I2.4I ). Under 
these assumptions, the linearized Monge- Ampere operator is in general not uniformly 
elliptic, i.e., the eigenvalues of O = (O'^) are not necessarily bounded away from and oo. 
Moreover, can be possibly singular near the boundary. The degeneracy and singularity 
of £,tp are the main difficulties in establishing our boundary regularity results. We handle 
the degeneracy of by working as in [|CG2[ |GN1[ |GN2[ ILSl O with sections of solu- 
tions to the Monge- Ampere equations. These sections have the same role as Euclidean 
balls have in the classical theory. To overcome the singularity of near the boundary, 
we use a Localization Theorem at the boundary for solutions to the Monge- Ampere equa- 
tions which was obtained by Savin [[SI1IS21 . In order to obtain the desired global second 
derivative estimates for solutions uof £.^, we need to have nice global decay estimates for 
the distribution function of the second derivatives of u. To this end, we approximate u by 
solutions of X,, where w solves the standard Monge- Ampere equation det D^w = 1 with 
appropriate boundary conditions, and use fine geometric properties of boundary sections 
for solutions to the Monge- Ampere equations which was recently obtained in ULNH . 

Though the statements of our main theorems are rather succinct, their proofs are quite 
delicate. There are essentially two main steps for the proof of the main estimates: 

Step 1: We bound the distribution function of the second derivative D^u by measures of 
the "bad" sets on whose complements the graph of u is touched from above and below by 
"quasi paraboloids" generated by the quasi distance d{x, x) defined by d(x, x)^ := (f)(x) - 
(f)(x) - {V(p(x), X - x) and most importantly, the quasi distance is also comparable to the 
Euclidean distance \x - x| in a controllable manner. Intuitively, the better the regularity of 
(p is, the faster these decay estimates can be expected. When (p(x) = |xp /2, the Monge- 
Ampere measure det D^cp is the usual Lebesgue measure and d(x, x) corresponds to the 
Euclidean distance. In this step, we establish preliminary power decay estimates for the 
bad sets under natural assumptions on the domain Q and the boundary data of 0. As a 
result, we obtain global W^-'^(Q.) estimates for u where 5 > is small under these natural 
assumptions provided that the Monge- Ampere measure detD^cp is close to a constant. 
We also give a more direct proof of global W^'^ estimates for solutions to the linearzied 
Monge- Ampere equations when the Monge- Ampere measure is only bounded away from 
and oo. This direct proof is based on interior estimates without resorting to decay 
estimates of the distribution function of the second derivatives. These estimates, that 
are of independent interest, are global counterparts of Gutierrez-Toumier's interior W^-"^ 
estimates for solutions to the linearized Monge-Ampere equations. Our idea, which is 
similar to Savin's arguments in [|S3l , is rather simple but useful for the second step and 
can be roughly described as follows: 

local estimates -I- covering results => global estimates. 

Step 2: We improve the power decay estimates obtained in Step 1 assuming in addition 
that detD^0 is close to 1. This will involve two main auxiliary results: 

1) a global stability of cofactor matrices: We prove that the cofactor matrices of the 
Hessian matrices of two convex functions defined on the same domain are close if 
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their Monge- Ampere measures and boundary values are close in the U° norm; 
2) a global approximation result: We approximate the solution u by smooth so- 
lutions of linearized Monge-Ampere equations associated with convex functions 
whose Monge-Ampere measures and boundary data are close to those of (p. 

The main estimates will then follow from a covering theorem for boundary sections and 
strong-type p - p estimate for maximal function corresponding to boundary sections. 

Without going into details, we now indicate key technical points that entail in getting 
W^''^ estimates. First, we show that the distribution function \{x : |Z)^m| > of the second 
derivatives of the solution u to JL^u = f has some decay of the form C/S with C de- 
pending only on the structural constants in our equation; see Proposition 13 .61 and Propo- 
sition 13. 7[ In the next step, we refine these decay estimates by working in very small 
regions of the domain by rescaling our equation and domain. In this rescaled setting, the 
constant C above can be improved, roughly by a factor of ||0 - W\\u- + see 
Lemma [STl Here W is the matrix of the cofactors of D^w where w is the solution to the 
standard Monge-Ampere equation det D^w = 1 having the same boundary values as in 
small regions. When detD^cf) is close to 1, the term ||0 - W\\l" can be made as small as we 
want thanks to the stability of cofactor matrices in Proposition 13. 141 The term (^|/|")'^" 
is invariant under a rescaling of our equation that almost preserves the L'^-norm of the 
second derivative D^u. There are two natural rescalings of our equation to be explained in 
Section [2]but the aforementioned rescaling is the most crucial. Therefore, (Jl/D'^" can 
be made as small as we want provided that / has higher integrability than L", but this is 
the assumption in our main theorems. 

The rest of the paper is organized as follows. In Section [2l we recall the main tool 
used in our proof: the Localization Theorem at the boundary for solutions to the Monge- 
Ampere equation, and state relevant results on the geometry of their sections. We also 
discuss properties of solutions to the Monge-Ampere equation and its linearization under 
suitable rescalings using the Localization Theorem. We also establish boundary C^ '*^ es- 
timates for solutions to the standard Monge-Ampere equations detD^w = 1 having the 
same boundary values as (p on its rescaled sections at the boundary. In Section [31 we 
establish preliminary power decay estimates for the distribution function of the second 
derivatives of solutions to the linearized Monge-Ampere equations. We also establish the 
global W'^'^ estimates for solutions to the linearized Monge-Ampere equations, paving 
the way for proving the global stability of cofactor matrices in Subsection 13.41 More- 
over, applying the global stability of cofactor matrices, we establish in Subsection 13.51 
global W^2 '+*^ estimates for convex solutions to the linearized Monge-Ampere equations 
when the Monge-Ampere measure is only assumed to be bounded away from zero and 
infinity. These estimates can be viewed as the affine invariant versions of results ob- 
tained by De Phillipis-Figalli-Savin and Schmidt. In Subsection 14. 11 we prove the global 
Holder continuity property of solutions to the linearized Monge-Ampere equations. This 
property together with the boundary C^'" estimates in Section [2l will be instrumental in 
the global approximation lemmas in Subsection I4.2[ In the last section. Section [51 by 
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combining these approximation lemmas with the preliminary power decay estimates, we 
obtain density estimates, which improve the power decay estimates in Section [3l when 
the Monge- Ampere measure det D^(p is close to a constant. The proofs of the main results 
wil be given at the end of this section using these density estimates. 

2. The Localization Theorem and Geometry of the Monge- Ampere Equation 

The results in this section hold under the following global information on the convex 
domain Q. and the convex function (p. We assume that 

(2.2) O. c Blip contains an interior ball of radius p tangent to dO. at each point on dO.. 
Let : ^ R, ^ e C^-^iQ.) n C^{Q.) be a convex function satisfying 

(2.3) detZ)V = g, < i < g < A in Q. 

Assume further that on (9Q, separates quadratically from its tangent planes, namely 

(2.4) p\x- xoP < ^{x) - 0(xo) - V(/>(jco) • - jco) < \x - xqP , Vx, e dO.. 
The section of centered at x 6 Q with height h is defined by 

S^{x, /z) := e n : (^iy) < (f>(x) + V(f>(x) ■ (y - x) + h]. 

For jc G Q, we denote by h(x) the maximal height of all sections of (p centered at x and 
contained in Q., that is, 

h(x) := sup {h > 0| S^(x, h) c Q.]. 
In this case, S ^{x, h(x)) is called the maximal interior section of (p with center x £ Q.. 

Remark 2.1. In this paper, we denote by c, c, C,Ci,C2,0Q,6t, ■ ■ ■ , positive constants de- 
pending on p, A, A, n, and their values may change from line to line whenever there is no 
possibility of confusion. We refer to such constants as universal constants. Small univer- 
sal constants decrease when A decreases and/or A increases. Large universal constants 
increase when A decreases and/or K increases, etc. Therefore, when 1-6 < detD^^ < 1+e 
with < e < \/2, we can suppress the dependence of universal constants on e. 

2.1. The Localization Theorem. In this subsection, we recall the main tool to study 
geometric properties of boundary sections of solutions to the Monge- Ampere equation: 
the Localization theorem at the boundary for solution to the Monge-Ampere equation 
(Theorem 12. 21 ). Throughout this subsection, we assume that the convex domain Q and the 
convex function (p satisfy (|2.2| )- (|2.4| ). We now focus on sections centered at a point on 
the boundary and describe their geometry. Assume this boundary point to be and by 
(12.21) . we can also assume that 

(2.5) 5p(pe„)c Q c{x„ >0}n5i, 

p 

where p > is the constant given by condition (12.21 ). After subtracting a linear function, 
we can assume further that 

(2.6) 0(0) = 0, V(^(0) = 0. 
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If the boundary data has quadratic growth near {x„ = 0} then, as h ^ 0, S^(0,h) is 
equivalent to a half-ellipsoid centered at 0. This is the content of the Localization Theorem 
proved by Savin in [iSluS2il . Precisely, this theorem reads as follows. 

Theorem 2.2 (Localization Theorem lISlllSll ). Assume that Q. satisfies (|2.5I) and (p satis- 
fies (1231). (1231). and 

p\xf- < (pix) < p'^\xf- on do. n [xr, < p}. 
Then, for each h < k there exists an ellipsoid of volume oj^h"^^ such that 

kEhnU c s^{0,h) c r'iS/, nn. 

Moreover, the ellipsoid Eh is obtained from the ball of radius h^^^ by a linear transforma- 
tion A^^ (sliding along the x„ = plane) 

AhEh=h''^Bi, detA/, = 1, 

Ah(x) = X- ThXn, Th = (Ti, r2, . . . , T„_i, 0), 

with |t/,| < ^"^1 log h\. The constant k above depends only on p. A, A and n. 

The ellipsoid Eh, or equivalently the linear map Ah, provides useful information about 
the behavior of cp near the origin. From Theorem 12. 21 we also control the shape of sections 
that are tangent to dfl at the origin. 

Proposition 2.3. Let (f> and Q. satisfy the hypotheses of the Localization Theorem \2.2\ at 
the origin. Assume that for some y & Q. the section S^(y,h) c D. is tangent to dQ. at 0, 
that is, dS ^(y, h) n dO. = {0}, for some h < c with c universal. Then there exists a small 
positive constant ko < k depending on A, A, p and n such that 

^<p(y) = <^^n for some a e [koh^^^,kQ^h^^^], 

koEh c S^iy, h)-yc k^^^Eh, hh^'^ < dist(y, dQ.) < k^^h^'^, 

with Eh and k the ellipsoid and constant defined in Theorem \2.2\ 

Proposition |23] is a consequence of Theorem 1231 and was proved in [|S3l . 

The quadratic separation from tangent planes on the boundary for solutions to the 
Monge-Ampere equation is a crucial assumption in the Localization Theorem ( Theo- 
rem [2]2l). This is the case for solutions to the Monge-Ampere with the right hand side 
bounded away from and oo on uniformly convex domains and smooth boundary data as 
proved in [[S2l Proposition 3.2]. 

Proposition 2.4. Let Q. cW be a uniformly convex domain satisfying (12.21 ) and further- 
more, dO. G with \\dQ.\y < l/p. Let (p : Q ^ R, (p e C^'^{Ti) n C^iO) be a convex 
function satisfying (p l^n^ CL^d 

Q < A< detD^cp < A < oo in Q. 
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Then, on dQ, (p separates quadratically from its tangent planes, that is. 

po \x - Xo\^ < (p{x) - (pixo) - V(f){xQ) ■ {x - xo) < Po ^ \x - Xo\^ , Vjco, xedQ 

for some constant po > depending only on n,p. A, A, \\^\\c3{aa.) cind the uniform convexity 
ofQ. 

2.2. Properties of the rescaled functions and boundary regularity estimates. In this 
subsection, we discuss properties of solutions to the Monge- Ampere equation and its lin- 
earization under suitable rescalings and then use these properties to establish a boundary 
C^'" estimates for solutions to the standard Monge- Ampere equation det D^w = 1 in our 
rescaled setting. 

Let D and (p satisfy the hypotheses of the Localization Theorem at the origin. We know 
that for all h < k, 5^(0, h) satisfies 

(2.7) kEh n n c 5^(0, h) c k'^Eh n Q, 
with Ah being a linear transformation and 

det A;, = 1, El, = AJj^Bjjin, Ai,x = x - ThXn, 
rh-en = 0, \\A-,X l|A,|| <r'|log/z|. 

This gives for all /i < 

(2.8) Q n Bl,, cQn c 5,(0, h)cQn c B;,,. 
We denote the rescaled function of (p and the rescaled domain of Q by 

(2.9) Mx) := ■= h-^^A^a. 

h 

The function (pi„ defined in Q.^, is continuous and solves the Monge-Ampere equation 

detDV/, = ghix), A < ghix) := g{h'I^A,'x) < A. 
The section at height 1 for 0/, centered at the origin satisfies 

S^S^,\) = h~'^^AnS^{Q,h), 

and by (12.71) . we obtain 

(2.10) Bl n c 5^,(0, 1) c Bl , n o^. 

In what follows, we denote 

(2.11) Uh = S^,{Q,\). 

Now, we discuss two natural rescalings for solutions u to the linearized Monge-Ampere 
equation 

£^u := 0'^M,-y = / in Q. 
We focus on the boundary section 5^(0, h) in the present setting of Theorem |2.2[ 
L"'-norm preserving rescaling. Consider the following rescaling of functions: 

Uh{x) := uQi^^^A^^x) and fh{x) := hfih^'^A^^ x), for x 6 Q.h. 
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Simple computation gives 

= {A-,'yD'(pAl\D'uh = h(A-,yD^uAl\ 

and 

:= (det D^cPnXD^cPny' = {dct D^cf>)A,(D^(f>y '(Ah)' = AhQXA,,)'. 
Therefore, we find that 

£^,Uh = trace{(bhD^Uh) = fh in 

and 

l|M/i||L~(f2,,) = ||M||L"(n)- 

Thus this rescaling preserves the L°°-norm of u. Since \\fh\\L"{ni,) = ^^^^ll/llL"(n) is small if 
/ e L"{Q.) and h small, we can expect that ui, has some nice second derivative estimates, 
say their boundedness. Given this, as 

D^uih^'^AJ^'x) = h-\Ah)' D^Uh{x)Ah, 

it is again quite natural to expect that \D'^u\ behaves like ^ in some part of the section 
50(0, h). This is what we will prove in Lemma [S!2| 

Almost ly^'^-norm preserving rescaling. The next rescaling almost preserves the U°- 
norm of D^u. Under the following rescaling of functions 

Uh{x) := h-\{h''^Al'x) and fu{x) := fQi^'^Al'x) for x 6 Q/„ 



we have 
with 



= fh in Qft 



f W = f i/r , 

Ja,, Jci 



I a.,, 

by changing variables and recalling detA/, = 1. As 

D^uu{x) = {Al'yDMh"^Al'x)Al\ 
the present rescaling almost preserves the L°°-norm of D^u since 

l|£>^M/illL"(n„) < |log/zf ||£>^M||L»(n)- 

In principle, the L^-norm preserving rescaling allows us to find some good points with 
controlled second derivatives for u. Having found them, we would like to propagate them 
by finding more similar points near by, maybe at the cost of a slightly larger bound on 
the second derivatives. This is the key technical point of the paper and almost ly^ ^-norm 
preserving rescaling is the means for this; see Lemma [5^ and Lemma |54| 

A variant of the L°°-norm preserving rescaling is the following which applies to sec- 
tions tangent to the boundary. 

L°°-norm preserving rescaling in a section tangent to the boundary. Consider a pro- 
totype section S^iy, t) with h := h{x) < c. By applying Proposition [23] to S ^(y, h), we see 
that it is equivalent to an ellipsoid Eh, i.e., 

koEh c S ^(y,h) - y c k^^Eh, 
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where 

Eu:=h'I^Al'B, with detA, = 1, ||A/,||, ||A,;i|| < C| log/i|. 
We use the following rescalings: 

and for x e Q/, 

Mx) := u{y+h'l^A-^'x), := [(t>{y + /z^^'A.'x) - (Piy) - Vcp(y) ■ (h^'^A^'x) - h] . 

Then 

We have 

detD^^.W = Ux) := ^(y + /2'^%T'x), 0, = on 55 ^,,(0, 1) 

and 

min 0/, = -1 = 0/,(O). 

S^,(0,1) 

Also 

m(uH)ij = Mx) := hf(y + h^^AJ^'x). 

Some properties of the rescaled function 0/j was established in ||S2ll and flLSl Lemma 4.2, 
Lemma 5.4]. For later use, we record them here. 

Lemma 2.5. lfh<c, then 

a) for any x, Xq £ dQ;, ^ B2/k we have 

(2.12) ^\x- Xo\^ < (phix) - (phixo) - V0,,(xo) • (x - xo) < 4p"^ \x - Xq\^ . 

b) ifr<c small, we have 

\V(ph\ < Cr\ log in Q.,, n Br. 

c) dQh n B2/k is a graph in the e„ direction whose C''' norm is bounded by Ch^^^. 

d) (f>h satisfies in Uh = 50,XO, 1) the hypotheses ofTheorem \2.2\ at all points on dUu (^Bc. 

e) Ify 6 U/i n Bc2 then the maximal interior section S ^pify, h(y)) of(ph in satisfies: 

c > h{y) > kl dist^iy, dUh) and 5^,,(y, h{y)) c Uh H Be 

ifc is small. 

Proof. ULSi Lemma 4.2] contains (a)-(c) while its proof implies (d). The statement (e) 
can be proved as in ULSi Lemma 5.4] and we give a complete proof here. Let y 6 Uhf^B^i. 
Then it follows from property (d) and (IZ8l) that j 6 5 0,, (0, c^). Hence, (phiy) < By llLNl 
Lemma 4.1] we obtain S c^) c 50,_(y, OqC^) and consequently 

(2.13) h{y)<eoc\ 
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Thus, h(y) < c if c is small. Since S^ify,h(y)) is balanced around y, we can use Theo- 
rem 3.3.8 in llGl to conclude that 



(2.14) S^,fyMy))cB(y,Kh(yf) 

for some universal constants K,b > 0. 

From (12.131) and (12.141) we see that for c small the section 5^,, (3^' Hy)) is tangent to dQh. 
Let xo 6 dS ^i,(y,h(y)) n dQ.h. Applying (|2.12l) to xq and 0, and using property (b) and 
(I2.14|) . we have 

P 2 

-\xo\ < (phixo) = (phiy) + '^(phiy) • (^0 -y) + Ky) 

<c' +CK\y\h{yf\\og\y\f +hiy). 

This together with the assumption \y\ < and (12.131 ) implies that IjcqI < c- Now, thanks to 
(d) we can apply Proposition [23] at xq and obtain 

kldM\y,dUH) < Hy) < K,^di^i\y,dU,). 
Since S^i^y, h(y)) - y (Z k^^^ Ei„ we find from the definition of and h(y) < Oqc^ that 

S h(y)) <zy + k,'E, c 5 2^,^-i,-.|;;^,)|"^|iog%)| ^ 
if c is universally small. □ 

Remark 2.6. From now on, we fix a universally small constant c < k/2, c <s: \ depending 
only on n, p, A, A as in the Lemma 12.51 

The rest of this subsection is devoted to establishing boundary C^'" estimates for the 
convex solution w to the standard Monge- Ampere equation 

detD^w = 1 in f//, := S^,XO, 1), 
w = (ph on dUh- 



(2.15) 



For this, we first show in the next lemma that w separates quadratically from its tangent 
planes on the boundary ofUh- 

Lemma 2.7. Let Q.h, (f>h cind Uu be as in ( 12.91) and ( 12.771) with h < c. Let w 6 C(Uh) be the 
convex solution to (|2.15|) . Then there exist universal constants 6,9 > depending only on 
n,p. A, A such that for any xq e dUh n Be, 

Xn+\ = M^o) + C^M^o) - 26^~"k~^v^^,x- Xo) =: l^^{x) 

is a supporting hyperplane in U^tow at Xq, and 

(2.16) 6\x - xop < w{x) - Ixoi^) ^ 1-"^ - -"^oP for all x e dUh. 

Here denotes the unit inner normal to dQh cit xq- 
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Proof. For jcq g dUh n 5^ , let /v„(jc) := ^/X-^^o) + ^0/!(-<^o) • - ^o)- Then by Lemma [Ol a). 
(2.17) ^\x- Xo\^ <(ph{x)-h^{x) <-\x- Xo\^ \/x£dUnndQH. 



By Lemma[23td) and a consequence of the Localization Theorem l2.2l (see (12.81) ). there is 
ro > universally small depending only on n,p, A, A such that 

k — 

S^piX^Q, ro) c B(xo, -)r\Uh. 

Hence, since c < k/2 

S^iXxo,ro) c 5^ n Uh. 
This gives 4>hix) > Ixq{x) + /'o for all x e 5i7/, \ and consequently, by (12.101) 

(2.18) 0,(^)>/^^(^) + ^|^_^/ v^6 5t/,\5a. 

Define 

w~{x) := /^o(jc)+5[|jc-Xop-|(x-Xo)-v.v/]+5''" [|(x-;co)-v.voP-2F\x-.x:o)-v.v-o] 6 Uh, 
where 

:= min{-. 



'4' 4 



Thenw is a convex function in i7/, satisfying D^w =25[/+(5 "- 1) Vv(,®Vr J. Therefore, 



(2.19) detD^w" = {26f6'" = 2" > 1 = detD^w in [//,. 

For X 6 dUh n we obtain from the the fact < {x - xq) ■ < 2k~^ and the first 
inequality in (12.171) that 



w (x) < Ixo(x) + S\x - Xq\ < 4>hix) - -\x - Xo\ + 6\x - Xo\- < (phix) = wix). 
On the other hand, for x e dUh \ dQ.h by using (12.181) we have 



W~{X) < Ixaix) + 5\X - XoP < Ixq{x) + —^\^ " < <Ph{x) = w{x). 

Therefore, w > w~ on dU/,. It follows from this, (12.191) and the comparison principle that 
w(x) > w~(x) in Ujj. Hence, 



(2.20) w(x) > l,{x) + 6[\x- xoP - \ix - xo) ■ vj] + S''" \(x - xo) 



> IxAx) + 6\x - xo\^ in U,,. 



In particular, w(x) > Ixq(x) for all ;c 6 Uj,. Since Ixgixo) = cf)h(xo) = w{xo), we then 
conclude that jc„+i = /vo(-^) is a supporting hyperplane in i7/, to w at xq. 

We now show the second inequality in (|2.16l) . For this, we first recall that < 0/, < 1 
in Uh and by Lemma l231 fb). we find that 

(2.21) 0ft(x) < Mxo) + V0a(xo) ■{x-Xo) + M = h^{x) + M "ix^lh. 
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for 

M := 1 +2k-'Cc\\ogc[ . 
We now compare w with defined by 

w^{x) := h,{x) + 20r^ {x - xq) ■ y.vo + [u - xoP - \{x - xo) ■ v,f] Vjc 6 1^, 
wliere 

,4 4Mi 
:= max -, — . 

Clearly, w+ is a convex function in [//, satisfying 

(2.22) detD^w^ = < 1 = detD^w in Ui,. 

For X 6 n 5f2/,, we obtain from the second inequality in (12.171) and > ^ that 

w^(x) = Ixoix) + ®\x - Xo\^ + Q[2k~^ (x - xo) ■ - \(x - xo) ■ v,,f] 

> (f)ii(x) 1.x: - JCol^ + 0U - -^ol^ ^ (f>h{x) = w{x). 

P 

For X e dUh \ dO.^, we have \x - jcqI > fc/2 and thus, by using (12.211) we obtain 

W*{X) > haix) + 0|X - XoP > (phix) - M + @\X- Xq\^ 

> Mx) -M+ — > Mx) = w(x). 

Therefore, w < on dU/,. It follows from this, (12.221) and the comparison principle that 
w < w"^ in [//,. In particular, 

(2.23) w(x) < /vo(jc) + 20r ^ (jc - JCo) ■ v,, + e\x- xof 

= l^^ix) + 2k-\6^-" + e)(x- JCo) ■v,, + e\x- xof Mx 6 L^. 

By Lemma |23tc), we have 

{x - Xq) ■ y.vo < Ch^'^\x - xop for all x e 811,, n dClh- 

On the other hand, if jc 6 dUh \ dQ^, then (x - Xq) ■ is also explicitly bounded from 
above by C |jc - jcqP since k/2 < \x - Xo\ < 2/k. Thus we conclude from (12.231) and h < c 
that 

wix) < l^^{x) + C\x - xop Vx e dUk n dQ.h. 

This together with (12.201) gives the quadratic separation in (12.161) . □ 

Thanks to the quadratic separation property of w in Lemma I2.7[ we can now apply 
Savin's boundary C^-" estimates for solutions to the Monge- Ampere equations ||S2l to get 
boundary C^'" estimates for w when dQ. n Bp and bnnB„ are C^"' and h is small. 
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Proposition 2.8. Let Q. and (p satisfy the hypotheses of the Localization Theorem \2.2\ at 
the origin. Assume in addition that dO. Pi Bp is C^'" and (p 6 C^'"{dQ. fi Bp) for some 
a 6 (0, 1). Let Qh, (ph, Uh and w be as in Lemma \2J\ Then there exists ho > depending 
on n. A, A,p, a, \\dQ. n Bp\\c2,a and ll^llc^f (annSp) such that for any h < ho, we have 

(2.24) li^llc2."(B7u7;;) ^ '^o' ^'^'^ '^o^n ^ D^w < Cg'/^ in B^ n Ui, 
for some Cq > depending only on n. A, A, a and p. 

Now, let us assume in addition that dQ. and ^l^^n are C^ " at the origin for some a e (0, 1), 
that is, we assume that for x = ix' ,Xn) 6 dQ. n Bp, we have 

\xn - q{x')\ < M |jcf and |(^ - p{x')\ < M \x'\^^" , 
where p(x') and q{x') are homogeneous quadratic polynomials. 

If h is sufficiently small, then the corresponding rescaling 0/, satisfies the hypotheses of 
in which the constant M is replaced by an arbitrary small constant cr. 

Lemma 2.9. ( [|S2l Lemma 7.4]j Given any cr > 0, there exists a small positive constant 
h = ho^M, cr, a, n. A, A,p) such that on dQh n 5^.1, we have 

\Xn - qh{x)\ < cr \x'\^'^" , \qh{x')\ < a 

and 

\(t>h-pm<(T\xf-"' 

where qh(x') := h^^^q(x') is a homogeneous quadratic polynomial. 

Remark 2.10. By inspecting the proof of Lemma 7.4 in [[S2l . we see that the following 
more precise statement holds true: for any h < c, on dQh n 5^1 we have 

\x„ - qh(,x')\ < Ch"^ l/r" , \qn(,x)\ < Ch^ 

and 

(2.25) \(Ph-p{x)\<Ch^x'\^''\ 
where C depends only on M,n,A,A and p. 

Proof of Proposition 12. ^1 Let M := max{\\dQ n Bp\\ci.«,\\^\\c2.«(dnnBp)} and let ho be the 
small constant in Lemma corresponding to M and cr = 1. Then by our assumptions. 
Lemma [Z9l Remark [2. 101 and Lemma [2771 we can apply [[S2l Corollary 7.2] to conclude 
that there exist C,6 > depending on n. A, A, a and p such that 

l|l^llc2."(ConB5(0)) - C, 

where Co '■= {x e R'l : < x„} is the cone at the origin with opening 6 = n/4. 
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By varying the point under consideration, we then conclude in the similar fashion that 

(2.26) lkllc2..(c,,nB.(.o)) Vxo G da,, n K. 

Here Cxo '■= {x e R" : \x - xop < 2\(x - xq) ■ Vj.„p} is the cone at xq with opening 6 = n/4 
and in the direction of v^g, the unit inner normal to dO.^ at Xq. As a consequence of (12.261 ) 
and Caffarelli's interior C^'" estimates [IC3II . we obtain the first estimate in (12.241) from 
which the second estimate in (12.241) follows. □ 

2.3. The classes pA,A,p,K,a and Pa,a,p,k,*- Fix n,p,A,A,K and a. We define the classes 
'PA,Kp,K,a and Pa,a,p,k,* consisting of the triples (Q, ^, i7) satisfying the following sets of 
conditions (z) - (vii) and (/) - (vz), respectively: 

(i) 6 dO., U c Q c R" are bounded convex domains such that 

5+ n Q c 17 c 5^ 1 n Q. 

(ii) (f) : Q ^ is convex satisfying = 1 on dU n Q and 

0(0) = 0, V0(O) = 0, A< detDV < A in Q, n {(^ < 1} = 5t/ n {0 < 1}. 

(iii) (quadratic separation) 

- |x - xol ^ 0(^) - ^(^o) - V0(xo) • (jc - xo) ^ - U - Xo\ Vx, xo G n 52 . 
4 p * 

(iv) (flatness) 

dQ.n{4><l} cGc {Xn < k} 

where G is a graph in the e„ direction which is defined in B2/k, and its C^'^ norm is 
bounded by k. 

(v) (localization and gradient estimates) (p satisfies in U the hypotheses of the Lo- 
calization Theorem 12. 21 at all points ondU r\ and 

|V0| < Co in [/ n Be. 

(vi) (Maximal sections around the origin) If y e U n B^i then the maximal interior 
section of in i7 satisfies: 

c > h(y) > kl disi\y, dU) and S^,_{y, h(y)) c U n B,. 

(vii) (Pogorelov estimates) 

\\dU n B,\\c2.a < 
and if w is the convex solution to 

(2.27) l^^"'- =' ^„ 

y w = (f> on dU, 

then 

My^-iBT^) ^ '^o' and co/„ < D^w < c~^I„ in B,nU 
The constants A;, A;o, c, Co above depend only on n,p. A, A and cq depends also on a. 
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Remark 2.11. If (CI, (p, U) 6 Pa,a,p,k,* then the Pogorelov estimates in (vii) might not hold. 
However, (p satisfies in U the hypotheses of the Localization Theorem \2.2\ at all points on 
dU Be- Thus, ifw is the convex solution to the Monge-Ampere equation ^2.271) . then by 
inspecting the proof of Lemma \277\ we see that w separates quadratically from its tangent 
planes at any point Xq e dU D B, , that is 

6\x - Xq\^ < w(x) - w(xo) - Vw(xo) • (x - Xq) < 6'^ \x - JCoP for all x 6 dU. 

We summarize the discussion at the end of Subsection |2.2l Lemma [231 Lemma [Z9l and 
Proposition |2.8| in the following proposition. 

Proposition 2.12. Let Q and (p satisfy the hypotheses of the Localization Theorem \2.2\ 
at the origin. Assume in addition that dQ fi Bp is C^'" and (p e C^'^idQ. Pi Bp) for some 
a € (0, 1). Then there exists /?o > depending only on n,A,A,p,a, \\dQ n Bp\\c2.c, and 
\\(p\\c^.c(dsinBp) s^ch that for h < ho we have 

(Q/„ 0/„ S 0,(0, 1)) e V A,K,p,Chy\a- 

In addition, 

\m,(^B,|,\y..<Ch'l\ 
Here C depends only on n, A, A and p; C depends only on n, X, A,p, \\dQ O Bp\\c2.a, and 
\\<p\\c'"(diinBf,y 

2 .4. Geometric properties of boundary sections of solutions to Monge-Ampere equa- 
tion. In this subsection, we recall some important properties of boundary sections of solu- 
tions to the Monge-Ampere equations established in flLNII : the engulfing and dichotomic 
properties, volume estimates, a covering theorem and strong type p - p estimates for the 
maximal functions corresponding to small sections including boundary ones. 

The engulfing property and volume estimates of sections {S^(x,t)} axe summarized in 
the following theorem. 

Theorem 2.13. Assume that Q. and (p satisfy (I2.2I) - (I2.4I) . Then, 

a. (Engulfing property) There exists 6^ > depending only on p, A, A and n such that 
ify £ S^(x, t) with x £Cl and t > Q, then S^(x, t) c S ^(y, 6 J). 

b. (Volume estimates) There exist constants c*, Ci, C2 depending only on p, A, A and n 
such that for any section ^^(^c, t) with x e Q. and t < c*, we have 

C,f'^ <\S^(x,t)\<C2t"'\ 

Our next property is a dichotomy for sections of solutions to the Monge-Ampere equa- 
tions: any section is either an interior section or included in a boundary section with a 
comparable height. Thus, when dealing with sections, we can focus our attention to only 
interior sections and boundary sections. The precise statement is as follows. 
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Proposition 2.14. (Dichotomy) Assume that Q. and (p satisfy (|2.2|) - (|2.4|) . Let S ^{x, t) be a 
section ofcp with x e D and t > Q. Then one of the following is true: 

(i) S ^{x, 2t) is an interior section, that is, 2t) c Q; 

( ii) S ^(x, 2t) is included in a boundary section with comparable height, that is, there 
exists z 6 dQ such that S ^(x, 2t) c S ^(z, ct). 

Here c > \ is a constant depending only on p, X, A and n. 
Our covering theorem states as follows. 

Theorem 2.15. (Covering theorem) Assume that Q. and (p satisfy (|2.2| )- (|2.4| ). Let O c Q, 

be a Lebesgue measurable set and e > small. Suppose that for each x e O a section 
S ^(x, tj() is given with 

\S^(x,t,)nO\ _ 
\S^(x,tj,)\ 

Then ifsup{tjc : x £ 0} < oo, there exists a countable subfamily of sections {S ^(Xk, ^jt)}^] 
satisfying 

DO CO 

O c\^S^(Xk,tk) and \0\ < yf6\[^S ^ixk,tk)[ 
k=i k=i 

Finally, we have the following global strong-type p - p estimates for the maximal 
function corresponding to small sections. 

Theorem 2.16. (Strong-type p-p estimates) Assume that Q. and (p satisfy (|2.2I) - (I2.4I) . For 
f e L^Q), define 

M(/)(x) = sup / r \f{y)\dy ^xeQ. 

t<c \>J (p{X, t)\ Js^{x,t) 

Then, for any \ < p < co, there exists Cp > depending on p, p. A, A and n such that 

l|M(/)llL.(n)<Cpll/llL.(n). 

3. Global Power Decay and W'^'^ Estimates 

In this section, we establish preliminary power decay estimates for the distribution 
function of the second derivatives of solutions to the linearized Monge- Ampere equations 
and also their global W^'^ estimates. We also show under suitable geometric conditions, 
the cofactor matrices of the Hessian matrices of two convex functions defined on the 
same domain are close if their Monge- Ampere measures and boundary values are close in 
the L°° norm. Moreover, applying this global stability of cofactor matrices, we establish 
global W^'^'^'^ estimates for convex solutions to the linearized Monge-Ampere equation 
when the Monge-Ampere measure is only assumed to be bounded away from zero and 
infinity. 
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We begin this section by recalling the definitions, introduced in [IGN2L of the quasi 
distance d{x, Xq) generated by a convex function (p and the set Gm(u, Q.) where the func- 
tion u is touched from above and below by "quasi paraboloids" generated by this quasi 
distance. 

Definition 3.1. Let Q be a bounded convex set in R" and let (p 6 C^{Q.) be a convex 
function. For any x & Q. and Xo 6 Q., we define the quasi distance d(x, xo) by 

d{x, xaf := (p{x) - (p{xo) - V(p{xo) ■ {x - Xq). 

Definition 3.2. Let Q. and (p be as in Definition I3.il Then for u 6 C(Q) and M > 0, we 
define the sets 

Gliiu, Q) 

= [x & Q. : u is differentiable at x and u(x) < u(x) + Vu(x) ■ (x - x) + M d{x, x)^ V;c 6 Q.}; 
Gm(u, Q.) 

= {x £ Q. : u is differentiable at x and u(x) > u(x) + Vu(x) ■ (x - x) - M d(x, x)^ Vx e Q.}; 
and 

Gm(u, Q) := Glf(u, D) n Glf(u, Q). 

We call Md(x, x)^ and -Md(x, 5cf quasi paraboloids of opening M generated by 4>- 
When we would like to emphasize the dependence of d{x,Xo) on (p, we write d^(x,Xo). 
Likewise, we write Gm{u, O., (p) to indicate the dependence on (p of the set Gm{u, Q). 
Notice that for (p{x) = Ixf', we have d{x, x) = \x - x\ is the Euclidean distance. 

In the next lemma, we show that if the quasi distance d{x, xq) is bounded from below 
by the Euclidean distance \x - xo\ around xq then it is also bounded from above by a 
multiple of this Euclidean distance around xq. This lemma is a slight modification of IIUl 
Lemma 6.2.1]. 

Lemma 3.3. Assume Q. satisfies (12. 2D and let cp e C{Q.) be a convex function satisfying 
A < det D^(f> < A in Q and (p = on dQ.. There exists c = c{n. A, A,p) > such that if 
;co 6 Q and 

d{x, xq)^ > o-\x - xoP in Brixo) c Q 

for some r > 0, then 

d{x, xof < \x - xof- 

for all X in a small neighborhood of Xq. 

Proof. Let ip{x) := (p{x) - (p(xo) - V(p{xo) ■ (x - xq). Then the strict convexity of (p implies 
that there exists 6 > such that S^(xo,S) := {x e Q. : (p(x) < 6} c Br(xo). Therefore by 
the proof of Lemma 6.2. 1 in [[Gl, we have tp(x) < C(n, A, A,p)cr'"^^ \x - xo\^ for all x e Q. 
satisfying ip{x) < 6, which gives the conclusion of the lemma. □ 
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The following lemma allows us to estimate the distribution function of the second de- 
rivative of u. It is the starting point for our proofs of Theorems 11.11 and 11.21 and the global 
version of [|GN2[ Lemma 2.7]. 

Lemma 3.4. Let Q. and (p be as in Lemma \J3\ and u e C^(Q). Define 

A'°'^ := jjco 6 f2 : d(x, Xq)^ > cr\x - XqP, for all x in some neighborhood o/xoj . 
Then for any m > 1 and /3 > 0, we have 

(3.28) {xen: lAy^WI > fi"! c {Q. \ A^^t. _0 U (Q \ Gf,(u, Q)) 
with c = c{n. A, A,p) is given by Lemma\J3\ 

Proof Let y : = yS"^ . If ^ e J^^^ n Gp{u, Q), then 

-yS d{x, xf < u{x) - u{x) - Vu{x) ■ (x - x) < /3 d(x, xf 
for each x e Q. Since x e A^°'^^ , these together with Lemma [J3] vield 

-/3y^\x - x\^ < u{x) - u{x) - Vu{x) ■ (x - x) < /3y^\x - x\^ 

for all X in a small neighborhood of x, and so \Diju{x)\ < /3y^ = Thus we have proved 
that 

A^°^_, n G^(m, Q) c {x 6 Q : \DijU(x)\ < /3'", for j = 1, . . . , n] 

and the lemma follows by taking complements. □ 

3.1. Power decay estimates. In order to derive global W^'^ estimates for solutions u to 
the linearized Monge- Ampere equation, we will need to estimate the distribution function 

F(/3):=\{xeQ:\Diju(x)\>n\ 

for some suitable choice of m > 1 . It follows from Lemma [J4l that this can be done if one 
can get appropriate decay estimates for 

Fi08):=|Q\Al«i. _,| 

and 

F2(fi) :=|Q\G^(M,n)|. 
Notice that the function Fi(fi) involves only the solution of the Monge- Ampere equa- 
tion and its power decay is given in the next theorem. 

Theorem 3.5. Assume Q. satisfies (12.21) and dQ e ^ Let (f> 6 C{Q.) be a convex function 
such that 1 - e < detZ)^0 < I + e in Q. and (12.41) holds, where < e < 1/2. Then there 
exist positive constants C, M depending only on n and p such that 

In VC6 

(3.29) \^\A^^_^\<C{e,n,p,\myA) s InM for all s>Q. 



20 



NAM Q. LE AND TRUYEN NGUYEN 



In particular, for s = (cjS'"2' we get 

FiOS) < C'(6,n,p,||5Q||cM)y8~™^ vs v^> 0. 

The small power decay estimates for F2OS) are given in the following proposition. It is 
the boundary version of Proposition 3.4 in [|GN2|| . 

Proposition 3.6. Assume that Q. and (f> satisfy the assumptions (I2.2I) - (I2.4I) . Assume in 
addition that dQ. e C''^ Suppose u 6 C^(Q) n |m| < I in Q. and JL^u = f in Q. 

with ||/||L"(n) ^ 1- Then there exists r = T(n, A, A,p) 6 (0, 1/2) such that 

F2(j3) = \n\G^(u,Q)\<^ for all /3 > 0, 

where the constant C > depends only on n, A, A,p and \ \dQ\\ciA- 

The next result is a variant of Proposition 13.61 which will be important for the density 
and improved power decay estimates in Subsection l5.1[ 

Proposition 3.7. Let (Q, 0, U) be in the class 'Pa,kp,k,*- Suppose u 6 C{Q.) n C^{U) n 
W;^'"(f/), \u\ < \ in Q. and JL^u = f in U with WfllfiunB^) ^ 1- Then there exist r = 
T(n, A, A,p) e (0, 1 /2) and C = C{n, A, A,p, a-) > such that 

\{UC^B,^)\Gp{u,Q.)\<J^\Uf^B,A for all /3 > 0. 

The above inequality also holds if U 05^2 is replaced by S ^(0, r)for any universal constant 
r satisfying r < c^. 

As a consequence of the power decay estimates for FiQS) and F2(J3) in Theorem 13.51 
and Proposition |3.6l we find that the decay for F(J3) when < e < 1 /2 is given by 

F(J3) < C{e,n,p,\\dQ.\\cu)/3~™^^''^ +C/3-\ 

Since ^, '"'] In ^ 00 as 6 ^ 0, we obtain global W^'^ estimates for all 5 < 
r/m < 1/2 for solutions to the linearized Monge- Ampere equation X^m = / provided 
that / e L"(Q) and e is small, that is, the Monge- Ampere measure detD^0 is close to a 
constant. However, in the next subsection, we offer a more direct proof of global W^'^ es- 
timates based on interior estimates without resorting to decay estimates of the distribution 
function of the second derivatives. Another advantage of this proof is that it works for all 
Monge- Ampere measures detD^0 bounded away from and 00. 

Remark 3.8. It is now clear that the obstruction to higher integrability of \D^u\ is the 
small exponent t in the decay estimates for |f2\G^(M, Q)\ given by Proposition \3.6\ Most of 
the paper is devoted to developing tools to improve the decay estimates for |Q \ Gpiu, 
In particular, the global stability ofcofactor matrices and an approximation lemma in the 
next two sections will be employed for this purpose. 



GLOBAL IV' " ESTIMATES FOR LINEARIZED MONGE-AMPERE 



21 



3.2. Global W^'^ estimates. In this subsection, we obtain global W^-^(Cl) estimates (6 > 
small) for solutions to the linearized Monge- Ampere equation when the Monge- Ampere 
measure det D^cp is only bounded away from and oo and under natural assumptions on 
the domain Q. and the boundary data of (p. 

Our main theorem in this subsection is the following. 



Theorem 3.9. Assume Q and (p satisfy the assumptions (|2.2| )- (|2.4| ). Assume in addition 
that dQ 6 C^'i. Let u £ C(Q.) n C\Q) n Wl^^(Q) be a solution of 



where C > depends only on p. A, A, n and \\dQ\\ci.i. 

The rest of this subsection is devoted to proving this theorem. The idea is to cover Q. 
by maximal interior sections whose shapes are under control by Proposition [2]3] and then 
apply the interior W^'^ estimates of Gutierrez and Toumier HGTII in these sections. Fur- 
thermore, since we can control the number of these sections within certain height due to 
the C^ ' regularity of the boundary dQ., the global estimates follow by adding interior ones. 

For reader's convenience, we recall Gutierrez-Tournier's W^'^ estimates (see also nGN2[ 
Section 3]). 

Theorem 3.10. ( ^GT[ Theorem 6.3] j Let Q.be a convex domain such that Bi^ c Q c 
Let (p e C^(Q) be a convex function satisfying 



Let u G C^{Q.) n W^^'^iO) be a solution of Jl^u = f in Q.. Then, given ao ^ (0, 1), there 
exist positive constants 6 and C depending only on aQ,kQ,A,\ and n such that 



where xq is such that minn (p - 'P(M))- 

Let < p < mm{6,^} where 6 = 6(p,A,A,n) > is a small number appearing in 
Theorem [TlSl corresponding to ao = 1 /2 and ko = ko(p, n. A, A) given by Proposition |2.3[ 

We will show that the conclusion of Theorem 13.91 holds for the above choice of p. To 
achieve this, we first estimate the L'' norm of D^u in the interior of each maximal interior 
section. 



A" = / 
u =0 



in Q., 
on dQ.. 



Then there exists p = pip. A, A,n) > such that 



A < det < A in Q. and cp = on dQ.. 
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Lemma 3.11. Assume Q. and (p satisfy the assumptions (I2.2I) - (|2.4I) . Let u e C(Q.) n 
C\Q) n Wlf^iO) be a solution of 

I £^u = f in Q, 
1 u = on dQ.. 

Then, there exists a constant C > depending only on p,p, A, A and n such that 

^ Ch(y)^'-'nogh(yt(\\u\\^^^^^^^^^^ 
for ally e Q satisfying h(y) < c. 

Proof. Let h := h(y) with h(y) < c. We now define the rescaled domain Q/, and rescaled 
functions 0/,, Uh and //, as in Subsection l2.2l that preserve the L°°-norm in a section tangent 
to the boundary. For simplicity, let us denote 

5,(0):=S^„(0'0 for r > 0. 
Then by the interior VF^'^ estimates in Theorem 13 .lOi we have 

(3.30) II^^WftllL"(5i(0)) ^ C{p,p, A, K,n){^\uh\\L^(sm) + WMvism))- 
Using the fact 

DMy + h^'^Al^) = h-\Ahy D^Uh(x)Ah, 

we obtain 

r \D^u{z)\''dz = hi-P f \A\D^Uh{x)AhTdx 

< C0-P\\ogh\^P r \D^Uh{x)\P dx. 

Js 1 (0) 

7 

It follows that 

(3.31) WDM^isM^) ^ Chf--'\^ogh\'\\D'^^Usaod- 
Moreover, we have 

(3-32) \\fh\\v<(Sxm=^-\\f^L'\S^(yM)^ II"/iIIl~(Si(0)) = I|w|Il~(S4v,/i))- 

Combining (I3.30I) - (I3.32I) . we obtain the desired estimate stated in our lemma. □ 

Finally, we will use the following Vitali covering lemma proved by Savin in llS3l : see 
also [|LN[ Lemma 2.5]. 

Lemma 3.12. ( llS3l Lemma 2.3]j Assume Q and satisfy the assumptions (|2.2| )- (|2.4| ). 
Then there exists a sequence of disjoint sections S^piyi, 6oh(yi)) such that 
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where > <^ small constant depending only on A, A and n. 

Proof of Theorem |X9l It follows from Proposition 12 . 3 1 ( see also ||S3l Lemma 2.2]) that if 
y with h{y) < c then 

S^iy'hiy)) c ); + k~^'E,, c Dch^^^m ■={xeTi: dist(x,5Q) < Chiy)"^}, C := llC^^. 

By Lemma [3.12[ we have 



f \D^u\Pdx <y f \DM"dx. 



There is a finite number of sections /zCj,)) with > c and, by Theorem [3 .lOi we 
have in each such section 

r _ |Z)V<C(|Nk~(n) + ||/||L"(n)r- 

Now, for J < c we consider the family Td of sections S^iji, h(yi)/2) such that d/2 < 
h(yi) < d. Let be the number of sections in Td- We claim that 

(3.33) Md < Cbd^-'i 

for some constant Cb depending only on p, n. A, A and . Indeed, we first note that, 

by [[Gl Corollary 3.2.4] (see also Theorem 12. 13r b)). there exists a constant C depending 
only on n. A, A,p such that 

\S^(yi,5oh(yd)\>Ch(yir^>Cd"'\ 
Since S^iji, Soh(yi)) c Dcdui are disjoint, we find that 

^ \S^(yi,6oh(yt))\ < \Dcd'n-\ < C.d"^ 

for some constant depending only on n and ||5f2||ci.i • Thus 

and (|3.33l) holds. It follows from Lemma [3.1 H and (13.331) that 

y r _ I^V < CM,J^'^|logJ|2/'(||M|L»(n) + ||/lb(n)f 

< CJ^-/'|logJp/'(||M||^„(„) + ||/||^„(„))'. 

Adding these inequalities for the sequence d = c2~^, k = 0,1,2, - ■ ■ , and noting that 

INI™ <C(n,p, i,A)||/|L 
by the ABP estimate, we obtain the desired global V7^'^ estimate for u. □ 



24 



NAM Q. LE AND TRUYEN NGUYEN 



3 .3. Proofs of the power decay estimates. 

Proof of Theorem 1331 Let [S ^{yi,h{yi)l2)\ be the sequence of sections covering Q. given 
by Lemma [3TT2I In what follows we will use the notations as in the proof of Lemma l3.11[ 
We then have 



(3.34) ^ YuYj \S^iyi,hiydm\A^^J\+ Yj \S ^{yi~h(ydll)\A^^^\=: I + II. 

k=0 ier^2-i< '■ /iCv,)>c 

Let us first estimate the summation / corresponding to sections with h(yi) < c. Consider 
a prototype section S^(y,h) with h := h(y) < c. Proposition 12.31 tells us that S^(y,h) is 
equivalent to an ellipsoid E/,, i.e., 

koEh c S^(y, h)-y c k^^Eir, 

where 

E, := h"^A-'Bu with detA;, = 1, ||A;J|, < k-'\\ogh\. 

Here k, ko depend only on n and p. Let T{x) := h~^^^Ah(x - y). Define f//, := T{S^(y, h)) 
and 

:= h''[(P{T-'z) - m - V(P(y) ■ (T-'z - y) - h] for z 6 On. 

Then B^o c f//, = 5^(0, 1) c 1 - 6 < detD^^ < 1 + 6 in f//, and = on dUh. By 
llGl Theorem 3.3.10], there exists t]o = rio{n,p) > such that 

Uh for all x 6 5^„(0, 1/2) and t < t/q. 

Now, let 

D] := {x e 5^„(0, 1/2) : S ^(x, t) c B{x, s yTt), V? < t/q}. 
Then, by nGN2l Theorem 2.8], we obtain 

15^,(0, 1/2) \Di|<^5-''% 

where := — ^ with C, M > is a constant depending only on n and p. Let 

A, := jl e f//, : ^(z) > 0(f) + V^(z) ■ (z - z) + (t |z - |p, Vz e f/,,) . 

Since Dj = S ^^^iO, 1 /2) n A^.-2 by (Gl Theorem 6.2.2], we can rewrite the above inequality 
as 

(3.35) \T{S^iy, h/2)) \ A,-2\ < C(e, n,p) s'P^. 
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Let us relate A,-2 to A^^^. Since \x - x\ < \\Aj^^\\ \Ah(x - x)\ < k'^h^'^l \ogh\ \Tx - Tx\, 
we have 

A,-2 = r jjc G S^(y,h) : ^{Tx) > ^(Tx) + V^iTx) ■ (Tx - Tx) + \Tx - Tx\^, Vx 6 S^{y,h)\ 
= r |jc 6 S^iy, h) : (^(x) > (f>(x) + V^(x) ■ (x - x) + s~^h \Tx - Tx\^, Vjc e S^iy, h)] 
(iT[x& S^{y,h) : (^(x) > 0(x) + V(p{x) ■{x-x) + (r^| \ogh\y^ \x - x\^, Vx e S^{y,h)] 

We infer from this and (13.351) that 

|S^(3;,/i/2) \ Ajo?^l,^g,^l^_,| < C{e,n,p)\daT\-' s'"^ = C(e,n,p) h"'^ s-^^ > 0, 
or equivalently, 

|S^0;,/z/2) \ A;°^| < C(e,n,p)h"'^\\oghr ^"'^^ V5 > 0. 
Thus the summation / in (13.341) can be estimated as follows 

cx> 

(3.36) I<C{e,n,p)s~P^Yj Z h{y if "\ log h(ydr 

k=0 i&T^^-k 

CO 

k=Q 

CO 

< C s-P^ Yj (c2-''y'^\ log(c2-'^-i)|'^^ < C s-P^. 

k=Q 

Note that C depends on e, n,p and ||5Q||ci i , and we have used the bound (13.331 ) for M^i to 
obtain the third inequality. 

Next let us estimate the summation // corresponding to sections S (p(yi,h(yi)/2) with 
h(yi) > c. Since the family {S ^iyt, 5o^(y,))} is disjoint, we infer from the lower bound on 
volume of sections and Q G Bi/p that 

#{/ : hiyd >c}< C(n,p). 

Also, by using the standard normalization for interior sections and nGN2[ Theorem 2.8] 
we get 

\S^(yi, Hydm \ aJo'^I < C{e, n,p) s~p^ for all i with %,) > c. 

Therefore, 

(3.37) // < #{/ : hiyd > c] [C(e, n,p) s'P'] < C(6, n,p) s^p^ Ms > 0. 



26 



NAM Q. LE AND TRUYEN NGUYEN 



By combining (13.341) . (13.361) and (13.371) we obtain 

In VC6 

\n\A^^,''\ < I + II < Cie,n,pAm\cu) s-P^ = Cie,n,p,\\dn\\cu) s InM . 

□ 

The proof of Theorem 13. 5 1 can also be employed to give the proof of Proposition [3]6l 

Proof of Proposition \3.6\ Let {S^(yi, h(yi)/2)} be the sequence of sections covering Q. given 
by Lemma 13.121 Then we have 

(3.38) \n\Gf,(u,n)\< J] \s^(yi,^)\Gf,(u,a)\ 

i: h(yi)>c 

By using ||GN2[ Proposition 3.4] and arguing as in estimating the term // in the proof of 
Theorem 13. 5[ we see that there exist constants C, r > depending only on n. A, A and p 
with T < 1 / 2 such that 

(3.39) Yj \S^^i,^)\Gp{u,Q.)\< ;^=;^#{':%)>^}^|:- 

i:h(yi)>c i:h(yi)>c 

To estimate the last expression in (13.381) . let us consider a prototype section S ^{y, h) with 
h := h{y) < c. We now define the rescaled domains Clh, Uh and rescaled functions 4>h, Uh 
and fh as in Subsection l2.2l that preserve the U°-norm in a section tangent to the boundary. 
Then 

(3.40) mu'iu,) = h'l^\\f\y^s,iyM ^ h'l^myim ^ 1- 

Therefore, we can apply [|GN2[ Proposition 3.4] to obtain for T{x) := h~^I^Ah{x - y) 

\nS^iy, h/2)) \ GpiuH, Qh, 0,O| = |S^„(0, 1/2) \ G^(m,, Qh, 0a)| < for all J3 > 0. 

But as ui, 6 C^(Uii) and d^^^iTx, Txf = h'^dix, xf for all x, x e Q, we get 
T{S^{y, h/2)) n GfiiUh, Cl,,, ^a) 

= T{x 6 S^(y, h/2) : \ui,(Tx) - Uh(Tx) - Vuh(Tx) ■ (Tx - Tx)\ < l3d'^,XTx, Txf Vx G a] 
= T{x 6 S^{y, h/2) : \u{x) - u(x) - Vu(x) ■ (x - x)\ < /Sh'^ d{x, xf Vx G Q} 
= T[s^{y,h/2)C^GphAu,0.)). 
Thus we infer from the above inequality that 

\S^{y,h/2)\GphAu,^)\ < ^Idetrpi = ^/i^ 
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or equivalently, 



\S^{y,hl2)\Gp{u,a)\<j^hi-' for all ;0 > 0. 



This together with the estimate (|3.33l) for yields 

OO _ OO 

^ 2 \S^{yi,h{yi)l2)\Gp{u,Q.)\ < j^Yi Yj 

^ 0° OO 

(3.41) < ^ J^(c2-^)f-^M,,-. < ^ 

c 

< — 

provided that r < 1/2. Here C also depends on The desired estimate is now 

obtained by combining (13.381) . 6.391) and (13.411) . □ 

To prove Proposition 13.71 we will use the following localized version at the boundary 
of Lemma [3.12[ 

Lemma 3.13. Assume {Q., cp, U) e 'Pa,a.p,k,* let w be the solution to ^2.27\) . Let ij/ 
denote one of the functions cp and w. Then there exists a sequence of disjoint sections 
{S^(y;, 5o^(yi))}J^i, where 6q = 6o{n,A,h), yt £ U D B^i and S ^(yi,h(yi)) is the maximal 
interior section of if/ in U, such that 

(3.42) unB,.2c\Js^(yi,~^). 

i=i ^ 

Moreover, we have 

(3.43) S^{yu hiyd) <z U n B,, h{yd < c. 

If we let M^"'' denote the number of sections S^(yi, h{y,)l2) such that d/2 < h{yi) < d < c, 
then 

(3.44) M^" < Cbd^-'i 

for some constant depending only on p, n, A, A and \\dQ D Bp\\cui . 

Proof. By Remark 12.1 11 we can use Proposition 12.31 to get the same conclusion as in 
Lemma |23te) for sections of ip with centers in i7 n B^i. All these sections thus satisfy 
(13.431) and are equivalent to ellipsoids. In particular, ip is strictly convex in i7 n B^. Fur- 
thermore, 

S^iyiMyd) c[x£B,nU : dist(;c,5Q n dU) < 2k^^h{yiy'^]. 
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With this in mind and assuming that the sequence {S ^(yi,6Qh(yi))}'jl^ is disjoint and sat- 
isfies (13.421) . we argue similarly as in deriving the estimate (13.331) for in the proof of 
Theorem [X9] to obtain (13441) . 

It remains to establish the covering (13.421) . The crucial point in the proof of Lemma l3.12l 
is the engulfing property of interior sections which hold for strictly convex solution to the 
Monge-Ampere equation with bounded right hand side. By our discussion above, i/f is 
strictly convex in U n Be and thus we obtain (13.421) . For completeness, we include the 
proof here, taken almost verbatim from llS3 l. By the engulfing property of interior sections 
of strictly convex solution to the Monge-Ampere equation with bounded right hand side, 
we can choose 6o depending only on n. A, A with the following property. lfy,z& B^i n U 
with 

S^iy, Soky)) n S^(z, 6oh{z)) ^ and 2h(y) > h{z) 

then 

S^{z,5ji{z))^S^{yMy)m. 
We choose S ^{y\,djiiy\)) from all sections S^iy, dohiy)), y e U n 5,2 such that 

h(yi) > ;^sup%) 

Z y 

then choose S t/,(y2, SoHyi)) as above but only from the remaining sections S ^(y,6oh(y)) 
that are disjoint from S i/,(yi,5oh(yi)), then S ^(yi„ 6oh(y7,)), etc. We easily obtain 

CO 

UnB,2C [j S^(y,6ohiy))c[js^(yi,6oh(yd). 

\eUnB 1 i=l 

c- 

□ 

Proof of Proposition \3.7\ Our proof is similar to that of Proposition l3.6l using Lemma [3.13[ 
In the proof of Proposition [3]6l we replace Q. \ Gpiu, D) by ([/ n 5^2) \ Gp{u, Q), the cover- 
ing of Q using Lemma [3.12l by the covering oil! f\ B^^i using Lemma [3.13[ By (13.431) . the 
first term of the right hand side of (13.381) disappears. For the second term of the right hand 
side of (13.381) . we estimate as in the rest of the proof of Proposition 13. 6[ Note that, since 
all sections in the covering for U n 5^2 satisfy S ^{yi,h{yi)) <z Be r\ U, instead of (13.401) . 
we now have 

\\f\\L"{T{S^{y,h))) = ^'^^II/IIl«(5^Cv,/')) ^ h^'^W/WmUnB,) < 1- 

In (13.411) . we replace by M^^'^ and use (13.441) to estimate it. The conclusion of Propo- 
sition O follows. Note that by (1X81) . we have 5^(0, r) c i7 n 5^2 if r < and the last 
remark of the proposition follows. □ 
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3.4. Global stability of cofactor matrices. In this subsection, we prove that, under suit- 
able geometric conditions, the cofactor matrices of the Hessian matrices of two convex 
functions defined on the same domain are close if their Monge-Ampere measures and 
boundary values are close in the U° norm. 

We first start with a stability result at the boundary for the second derivatives and the 
cofactor matrices of functions in the class f. 

Proposition 3.14. Assume (Q, (p, U) 6 V \-e,\+e,p,K,*- i-^t w 6 C{U) be the convex solution 
to 

detD^w =1 in U 
w = (f) on dU. 
Then the following statements hold. 

( i) For any p > \, there exist 6o = eoCi?, ^^P) > C = C{p, n,p,K) > such that 

- D^w\\LP(B^,nu) < for all e < 6o- 

(ii) Assume in addition that {Q, (p, U) £ V\-eM£,p,K,a- Then for any q> I, there exist 
6o = eo(^, n,p) > and C = C(q, n,p, K,a) > such that 

11^ - WmB^2nu) < C6^w for all e < 6o. 

Here 5 > is a small constant depending only on n and p; and O, W are the matrices of 
cofactors ofD^cp and D^w, respectively. 

Proof, (i) Our conclusion follows from the following claims. 

Claim 1. There exist 6o = 6o(p, n,p) > small and Co = Co(p, n,p, k) > Q such that 

II^VllL2/'(B^,2nj/) + WD^MypiB.nu) < Co whenever e < 6o. 
Claim 2. There exist 6 = 6{n,p) e (0, 1 /2) and C = C{n,p, k) > such that 

(3.45) IIDV - ,nf/) < Ce^/" for all e < ^. 

Indeed, let 6 (0, 1) be such that 

}__ 0_ i-o 

p 2p 6 

Then \ - 9 = 6/(2p - 6) and by the interpolation inequality we get 

We now turn to the proofs of the claims. 

Claim 1 is essentially Savin's global W^'P estimates for the Monge-Ampere equations 
||S3l . For the proof in our setting, we use Lemma D. 131 and follow his arguments. For 
completeness, we include the proof here. Let ip denote one of the functions (f> and w. Then 
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by Lemma [3.131 there exists a sequence of disjoint sections {S^Cy,-, 5o/z(j,))}~j, where 
yi £ U r\ and S^iy,, liiyd) is the maximal interior section of if/ in U, such that 

i=\ ^ 

Moreover, we have 

We will prove that: There exist eo > small and C > depending only on p,p and n such 
that for all e < 6o, we have 

(3.46) r |£>VP'' < C h(y)'M log h(yt'' Vy £ U n B,i. 

Given this, we can complete the proof of Claim 1 as follows. We have 



2p 



where Td is the family of sections S^{yi, ^) such that dll < hiyi) < J < c. By (13.461) . 
we have for each S^{yi, ^) e 

r _ |DVr<C|logjf^|S^(3;,-,5o%))| 

and since 

5(fr(y,-,^o^(ji)) c {jc 6 5, n t/ : dist(x,5Q n 5t/) < 2k~^^d^'^} 
are disjoint, we find 

where Ci now depends also on k which is the upper bound for \\dO. n 5c lie" • Therefore, 
Claim 1 easily follows from (13.471 ) by adding these inequalities for d = c2~*', k = 0,1, . . . 

It remains to prove (13.461) . Let h := h{y). Then /z < c. By applying Proposition 12.31 to 
Stjjiy, h), we find that it is equivalent to an ellipsoid Eh, i.e., 

k^Eh c S^(y,h) - y c k^^Eh, 

where 

En:=h"^A,'Bi with detA/, = 1, ||A/J|, ||A,'|| < C| log/z|. 
We use the following rescalings similar to those in Subsection l2.2[ 

Ci„ -h-'/^Ahin-y), 

and for x £ Clh 

Mx) := h~' [iA(j + h"^A,'x) - ipiy) - Vi^iy) ■ (h^^A^'x) - h] . 
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Then 

5,, c S^,XO, 1) = h-"^A,(S^(y,h)-y) c B,-^u 

We have 

detD^i^ftW = detDVCv + h^'^Aj^^x) and i^/, = on 55^,(0' !)• 
For simplicity, we denote 

S,(0):= 5^,(0,0 for ? > 0. 

If i/f = then by Caffarelli's interior W^'^ estimates for the Monge- Ampere equation nC3L 
we have 



S 1 (0)) 

I 

if e < eo small depending only on p,p and n. If i/r = w then as detD^w = 1, the above 
inequality obviously holds. Using the fact 

we obtain (|3.46l) from 

-'5^(>',f) -'5 1(0) 

< C/z5 llog/?!^" r < C/z5 |log/z|4". 

1 (0) 

Finally, we verify Claim 2 by proving (13.451) . As in BGNli Lemma 3.4], we note that 
the difference v := - w is a subsolution (supersolution) of linearized Monge- Ampere 
equations with bounded right hand side, corresponding to the potentials w and (p respec- 
tively. We cover U n 5^2 by sections of w and 4> using Lemma [3. 131 In each of these 
sections, we can use the one-sided W"^'^ estimates of Gutierrez-Tournier BGTI . Then, 
adding these estimates as in the proof of Theorem 13. 9[ we get (13.451) . The details are as 
follows. 

Consider the operator A\u := (detD^w)'''" and its linearized operator 

X„v := -{diQiD^u)^''\mcQ{iD^ur^D^v). 
n 

Notice that X„v and the operator X„v defined in (11.11) are related by 

£uV = n{AaD^u)"^tuV. 
Let V := (p -w and g := detZ)^0. Since M is concave, we obtain 

- I = Mcj) - Mw < t^v 
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and hence 

(3.48) £„v = n{dQiD'w)"^l„v > -n\g"" - 1|. 
We also have 

t^v<M(p-Mw<\g^i" -\\ 

and thus 

(3.49) X^v = n(detDV)'^Av < n{\ + e)"^\g'^'' - 1| < 2n\g'^'' - 1|. 

On the other hand, by the maximum principle ( nH09[ Lemma 3.1]), we can estimate v by 

(3.50) ||v|L»(f;) < C„diam(t/)||g>/" - 11^,^). 

We cover U dB^i by sections of w using Lemma [3T3l From ( 13.481 ) and ( 13.501) . we can use 
the Gutierrez-Tournier's one-sided W^-'^ estimates HGTH instead of Theorem 13 . 1 01 in each 
of these sections to estimate the norm of (D^vy. After that, we argue as in the proof of 
Theorem 13. 9[ and taking into account Lemma [3.13| again to obtain = 6i{n,p) e (0, 1 /2) 
and Ci = C\{n,p, k) > such that 

(3.51) ||(Z)MllL^.(j/nB,) < Ci(||v|L»(f;nB,) + ||(X„.v)1lL"(C/nfi.)) < C,\\g''" - IWn'^uy 
Similarly, from (13.491 ). (13.501 ) and by covering U n 5,2 by sections of 0, we obtain 

(3.52) ||(Z)2v)1L.,(j;nB^) < C2(||v|k»(t;nfi.) + WU^vTWu-iUCB,)) < €2^''" ' l\\v(U)- 

Let 6 := min{5i, (Jil- Then, from (13.511) and (13.521) . we have 

\\DML^(Uf^B^,) < CWg'"' - Wy^u) < Ce"\ 

giving (13.451 ) as desired. 

(ii) The key to the proof is the following estimate 

(3.53) ||0 - W|L,(j/nB ,) 

< C„ (6 + IID^wlir-WnS - £»'w||2;VnB^.)) w^^mku^B^^) 
which can be deduced from the proof of Lemma 3.5 in HGNll . 
As in Claim 1 in the proof of part (i), we have 

(3.54) l|£>VllL'"'(c/nB 2) ^ Co for all e < eo, 

where eg = 6o{q, n,p)> small and Q = Co(q, n,p, k) > 0. 

On the other hand, by (vii) in the definition of the class 'P, we have 

(3.55) \\DM\L-iur.B^,)<C,{n,a,p). 
Putting (|3.53I) - (I3.55I) together, we obtain for e < 

l|0 - W|b(t;nB^,) < Cn{e + Cr^llDV - DM\"Auf^B^,^)Cl-\ 
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Moreover, by using part (i) of this proposition we get 

Therefore, we conclude for all e < 60 that 

\\^-^\\mur.B^2) ^ Ce^^\ 

□ 

We also obtain the following global stability of matrices of cofactors. 

Lemma 3.15. (Global stability of cof actor matrices) Let Q. <z W be a uniformly convex 
domain satisfying A2.2\) and furthermore, dQ. 6 with \\dQ\\ci < 1/p. For any q > I, 
there exist C, eo > depending only on q, n and p such that if (p, w £ C(Q) are convex 
functions satisfying 

I - e<dot D^(f>< I + e in Q ( detD^w= I in Q 

and < 

4>= on dQ. I w= on dQ, 

then 

||0 - W||z,?(n) < Ce^^<^ for all e < 60. 
Here 6 > is a small constant depending only on n and p. 

Proof The proof follows the lines of the proof of Proposition 13 . 1 41 using Proposition |2]4l 
Here we choose U = Q, replace U n 8^2 by Q and use the covering Lemma [3 .121 The 
estimate (13.551) is now a classical result of Caffarelli-Nirenberg-Spruck HCNSI . □ 

3.5. Global W^'^'^'^ estimates for convex solutions. In this subsection, we establish the 
global W^'^'^'^ estimates for convex solutions to the linearized Monge-Ampere equations. 
These estimates are simple consequence of the global stability of cofactor matrices in 
Subsection IMI 

Theorem 3.16. Let Q be a uniformly convex domain satisfying (12.21) with dQ e C^. Let 
(p 6 C{Q) n C^{Q) be a convex function satisfying 

< < det D^(p < A in Q and (p = on dQ. 

Let V be the convex solution to 

0'%- =/ in Q, 
V = on dQ, 

where f is a bounded function. Then, there exist 7 > 1 and C > depending only on 
A, A, n and Q such that 

(3.56) \\D\\\mn) < C||/||L"(n). 
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Remark 3.17. (i) De Phillipis-Figalli-Savin HDPFSII and Schmidt HSchll discovered the 
interior W^'^^'^ estimates for convex solution (p to the Monge-Ampere equation 

detD^cp = g in Q, 
0=0 on dQ, 

with < A < g < A. In these works, the convexity of(f> plays a crucial role, especially in 
giving a bound for \D^(p\ by A0. Since 

(^'^(pij = n det D^(p = ng, 

our theorem is a natural extension ofDe Phillipis-Figalli-Savin 's and Schmidt's estimates, 
(ii) The convexity ofv and standard arithmetic-geometric inequality give 

f = 0%- = tracei^D^v) > n{diti<bf'"{diaD^vfl'' > 0. 

( Hi) It would be interesting to remove the convexity ofv in the statement of Theorem \3. 1 6\ 

Now, we proceed with the proof of Theorem I3.16[ To do this, we first establish the 
following Sobolev stability result. 

Proposition 3.18. (Sobolev stability estimates) Let Qbe a uniformly convex domain with 
dQ e C^. Let cpu e CiQ.) n C^{Q) (k = 1,2) be convex Aleksandrov solutions of 

det D^(pk = gk in Q., 
(pk =Q on dQ, 

with < A < gi, < A in ^. Then there exist y > 1, a e (0, 1) and C > depending only 
on n. A, A and Q such that 

(3.57) IIDVi - D'-cf>2\\m^, < CWg^ - g.Jll^^^ 

Proof. The interior counterpart of our proposition was established by De Phillipis-Figalli 
IIDPF2L Here, we will prove the boundary version with a different method. Our proof 
relies on the W^'^ estimates of Gutierrez-Tournier BGTI for solutions to the linearized 
Monge-Ampere equation. 

First, using Proposition I2.4[ IIH091 Lemma 3.1] and arguing as in the proof of (13.451) in 
Proposition 13. 141 we find a small 6 > and Ci > depending only on n. A, A and such 
that 

(3.58) IIDVi - ^V2lb(n) < Ci||^[ - ^2"llL"(n) < Ci||^i - g2\\l^^y 

Second, using De Phillipis-Figalli-Savin's and Schmidt's interior V7^ i+*^ estimates for so- 
lutions to the Monge-Ampere equation HDPFSllSdill and arguing as in ||S3ll , we obtain the 
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following global W^-^'^'^ estimates 

(3.59) WD^MuHm + II^V2llL^.(n) < C2, 

where yi > 1 and C2 > depend only on n, A, A, and Q. 
We now choose or e (0, 1) sufficiently close to so that 

1 a I - a 

- := - + < 1, 

y 6 yi 

i.e., 7 > 1. Then by the interpolation inequality, we obtain 

IIDVi - £>V2llLr(n) < WD^h - Z)V2ll^.(n)II^Vi - ^Vill^ 
which together with (13.581) and (13.591) yields the estimate (13.571) . □ 

Proof of Theorem \3. 1 6\ For any t e (0, we have (f> = (p + tv on dO. and, by the 

convexity of v, > + ?v in Q.. Thus 

A < detDV < detZ)2(0 + tv). 



Moreover by the concavity of the map (p h-> log det D^4>, we have 

log det + tv) < log det D^(f) + tcp'hij = log AtiD^cp + t 



detD^(p 
Therefore, 

< detD^(^ + tv) - detD^ < (det^V) - 1) < Me' - 1) in Q. 

Applying the stability result in Proposition 13. 18[ we can find a,C > 0,y > 1 depending 
only on n. A, A and Q such that 

WtDMmn) < C\\ dctD\cf> + tv) - detZ)VllLo> ^ C\\A(e'^ - 1)||;. 
The estimate (13.561) follows by taking t = 



4. Global Holder Estimates and Approximation Lemma 

In this section, we establish global Holder continuity estimates for solutions to the 
linearized Monge-Ampere equation under natural assumptions on the domain, Monge- 
Ampere measure and Holder continuous boundary data. We then use these Holder esti- 
mates to establish approximation lemmas allowing us to approximate the solution u to the 
linearized Monge-Ampere equation £,^u = / by smooth solutions of linearized Monge- 
Ampere equations associated with convex functions w whose Monge-Ampere measures 
are close to that of (p. 
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4.1. Global Holder estimates. In this subsection, we establish global Holder estimates 
for solutions to the linearized Monge- Ampere equation in convex domains when the right 
hand side is assumed to be in L" and the boundary data is Holder continuous. These es- 
timates extend the global Holder estimates in |IQ where the domains are assumed to be 
uniformly convex. 

Our first main theorem is concerned with Holder estimates in a neighborhood of a 
boundary point. Its precise statement is as follows. 

Theorem 4.1. Assume Q. and (f> satisfy the assumptions (12.21) . (|2.3I) and (12.51) . Assume 
further that on dQ Pi Bp, (p separates quadratically from its tangent planes on dQ in the 
following sense: if Xq 6 dO. fi Bp then 

(4.60) p\x- XoP < 0(jc) - 4>{xq) - V0(jco) • {x - Xq) < p"' \x - Xq\^ , Vx e dQ.. 
Let u 6 C{Bp n n Wf;"XBp r)Q.)bea solution to 

di'juij = f in Bp n Q, 
u = (f on dQ n Bp, 

where (f 6 C"{dQDBp)for some a 6 (0, 1). Then, there exist constants fi, C > depending 
only on A, A, n, a and p such that 

Hx) - u(y)\ < C\x - yf(\\u\\L^^nnB,) + Mc )), ^x,y£QnBp/2. 

As an immediate consequence of Theorem 14.1 [ we obtain the following estimates which 
are the global counterparts of Caffarelli-Gutierrez's interior Holder estimates for solutions 
to the linearized Monge- Ampere equation IICG2L 



Theorem 4.2. Assume Q and (p satisfy the assumptions (I2.2I) - (|2.4I) . Let u £ C{Q.) fi 



Wf ''XQ) be a solution to 



i o'^M,, = / in a, 

I u = (fi on dCl, 

where (p e 0\dQ) for some a 6 (0, 1). Then, there exist constants fi,C > depending 
only on A, A, n, a and p such that 

\u(x) - u(y)\ < C\x-yf{\\u\\L'-(a} + Mcioa) + II/IIl"(£1)), Vjc,); 6 Q. 

The key to the proof of Theorem 14. II is the following boundary Holder estimates. 

Proposition 4.3. Let (f> and u be as in Theorem \4.1\ Then, there exist 6, C depending only 
on A,A,n,a,p such that, for any xq g dQ n Bp/2, we have 

\u(x) - u{xo)\ < C\x - A:ol^(liM||L»(nnBp) + McidsinB,) + WfWmnnB,)), 'ixeQ.n Bs(xo). 
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Proof of Theorem \4J] The boundary Holder estimates in Proposition 14. 3 1 combined with 
the interior Holder continuity estimates of CafFarelli-Gutierrez [ICG2II and Savin's Lo- 
calization Theorem lISTl [S2l [S3ll gives the global Holder estimates in Theorem 14.11 The 
precise arguments are almost the same as the proof of (C, Theorem 1.4]. Since llLl The- 
orem 1.4] is a global result and our theorem is local, we indicate some differences in the 
arguments. It suffices to prove the theorem for x,y £ B^i n Q.. We use the quadratic 
separation (14.601) and Proposition 12.31 to show that if j e Q n 5^2 then the maximal inte- 
rior section S 0{y,h{y)) is contained in n 5^ and so tangent to dQ. at xq e dQ. n (see 
Lemma [23te)). Using this fact, Caffarelli-Gutierrez's interior Holder estimates nCG2|| 
and Proposition |4]3l we obtain as in [O 

\U{Z\) - U{Z2)\ < \Z\ - Z2l^ (l|M||L"(nnBp) + WtpWcidSinEp) + ll/llL"(nnBp)) VZi,Z2 6 S ^{y, ^). 

The rest of the argument is the same as in [D. □ 

The proof of Proposition 14. 3 1 is based on a construction of suitable barriers. 
Assume and Q. satisfy the assumptions in the proposition. We also assume for sim- 
plicity that 

(f>{0) = and V0(O) = 0. 
We now construct a supersolution as in ULSi Lemma 6.2]. 

Lemma 4.4 (Supersolution). Given 6 universally small, there exists universal constants 
Ms large and 6 small such that the function 

A" — 

ws{x\ x„) := Msx„ + (p- ~5\x'\^ - xl for (/, jc„) e D 

(/io)" 

satisfies 

£^(ws) := ^'\ws)ij < -nA in Q, 

and 

ws>0 on d(Q. n Bs), wg > on Q n dBg. 

The constants Ms and 6 are given precisely as follows 

~ 6^ , 2"-'A" 1 

6 := — and Ms : = 



Proof We recall from (IX8l) that 
The first inclusion gives 

cf><h in?In5;,,^|,^^,^| 
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and hence for x close to the origin, 

(p{x) < C\x\^ |log|x||^ . 
Similarly, the second inclusion gives 

(p{x) > c\x\^\\o%\x\[^ > \x\^ 
for X close to the origin. In conclusion, we have 
(4.61) \x\^ <(t>(x)<C\x\^\\og\x\\^ 

if \x\ < 6 for 6 universally small. Therefore, if we first choose 

6^ 5 
6:= — < mm{-,p}, 



then 



(p{x) - ~5\x'\^ > \xt - ~6 \x\^ > ^ |xp >~6 on Q n dBs. 



Moreover, by choosing 

2"-iA" 1 A" 

Ms :- 



we get 

A" 



(4.62) MsXn '- — xl > on QnBs. 

Thus, ws > S onQ.n dBs. It also follows from (14.621) . the quadratic separation (14.601) and 
the choice of 5 that 

W5 > - 5|xf > on n Bs, 
and we obtain the desired inequalities for ws on d{Q. n Bs). 



It remains to prove that JL^iws) < -nA in Q.. If we denote 

1 / A" \ 

q{x) --[dlx'l^ + ^—xl]. 



then 

det n^a = 

A' 



A" 

det D^q = -, D^q > 61. 



Using the matrix inequality 

trace(A5) > n(detAdet5)^''" for A, 5 symmetric > 0, 

we get 



£^q = trace(OD^^) > n(det(0) detD^^)'^" = n((detDV)""'— 7)'^" > nA. 



A" 

A' 

Since X0a:„ = and 

£^(p = (t>'j(f>ij = n detDV < nA, 
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we find 

JL^Ws = L^(MsX„ + (p- 2q) < -nA in Q. 

□ 

Proof of Proposition \4. 3\ Our proof follows closely the proof of Proposition 2.1 in [|Ll . 
We can suppose that K := ||M||L~(anBp) + M\c"{dsinB,) + Uh-isinB,) is finite. By working 
with the function v := u/K instead of u, we can assume in addition that 

l|M|lL"(nnBp) + \\v\\c^(d£lnBp) + \\f\\L"(D.nBp) ^ 1 

and need to show that the inequality 

(4.63) \u{x) - m(x())| < C\x - xq\^' 'ixeQ.n Bsixo) 

holds for all xq e Q.r\ Bp/2, where 6 and C depends only on A, A, n, a and p. 

We prove (14.631) for xq = 0. However, our arguments apply to all points xq e Qn Bp/2 
with obvious modifications. 
For any e e (0, 1), we have 

(4.64) \uix) - m(0) + 6| < 3. 
Consider now the functions 

6 

h+(x) := u(x) - u(0) + 6 + — rW^, 

in the region 

A :=Qn5,,(0), 

where 62 is small to be chosen later and the function w^, is as in Lemma I4~4l We remark 
that > in A by the maximum principle. Observe that if x e dO. with 

\x\<6i(,e):=e'^'' 

then, we have 

(4.65) \u(x) - urn = \ip(x) - m\ < ur < e. 

On the other hand, if x e Q Ci dBs^ then from Lemma I4~4l we obtain ^wg^ix) > 3. It 

"2 

follows that, if we choose 62 < 5i then from (14.641 ) and ( 14.651 ). we get 

h^<0,h+>0 on dA. 

Also from Lemma 1441 we have 

< /, X^/z- > / in A. 
Hence the ABP estimate applied in A gives 

(4.66) h_ < Clin, A)diam(A)\\f\\L„(A) < Ci{n,A)62 in A 
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and 

(4.67) /z+ > -Ci(n, A)diam(A)\\f\\L^,^A) > -Ci(n,A)62 in A. 

By restricting e < Ci(n, A)'^, we can assume that 

S, = e''" < — 

Ci(n,A) 

Then, for 62 < Si, we have Ci(n, A)62 < e and thus, for all x 6 A, we obtain from (14.661) 
and (14.671) that 

6 

- m(0)| < 26 + — 

Note that, by construction and the estimate (14.611) for the function 0, we have in A 



ws^ix) < Ms^Xn + <p{x) < Ms, \x\ + C |xp |log |jc|p < 2Ms2 \x\ . 
Therefore, choosing 62 = Si, we get 

\u(x) - m(0)| <2e + — \x\ in A. 
As a consequence, recalling the choice of M^,, we see that 



i2 



(4.68) |m(jc) - m(0)| < 26 + %|jc| = 26 + C2e~'"'"\x\ 

Sf 



where 

2"+'3A" 



C2- 



for all X, 6 satisfying the following conditions 

(4.69) \x\<Si(e):= €^'", e < Ci(n,A)T^ =: Ci. 

Finally, let us choose e = It satisfies the conditions in (14.691 ) if Ci > > \x\", 

or equivalently 

a+3n 

\x\ < min{cj" ,1} =: S. 
Then, by (14381) . we have for all x g Q n 5^(0) 

\u{x)-uiO)\ < (2 + C2)|jc|^. 
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4.2. Global approximation lemma. In this subsection, we prove an approximation lemma 
that allows us to compare the solution u to the linearized Monge- Ampere equation 

-C>pu = f 

to smooth solutions h of linearized Monge- Ampere equation 

£„h = 

associated with convex functions w satisfying detD^w = 1. We will estimate the dif- 
ference u - h in terms of the L"-norms of f and O - W where O = (O'^ ) and 

V n<i,i<n 

W = (W'^ j^^. are the matrices of cofactors of D^(p and D^w, respectively. Therefore, in 

light of the global stability of cofactor matrices in Subsection |3.4[ u is well- approximated 
by h provided that the Monge- Ampere measure det D^cp is appropriately close to the con- 
stant 1 . This approximation lemma will play a key role in Section [5] where we use it to 
get power decay estimates for the distribution function of the second derivatives of u that 
are more refined than those provided by Proposition [3]7l 

Our approximation lemma, relevant for data of the type (Q/j, 0/,, 5<^,,(0, 1)), states as 
follows. 

Lemma 4.5. Assume {Q.,(f>, U) g 3^^q,. Let r := where c is as in Remark \Z6\ 
Suppose that u 6 C(U) n VK/^'"(t/) 

is a solution of 0'^M,y = f in U r\ with 

ll"llL~(C/nB4,-) + \M\c^-"(dUnB4r) ^ 1- 
Let w be defined as in (vii) of the definition of the class P. Assume h is a solution of 

W'hij =0 in B2rf^U 
h =u on d(B2r n U). 

Then, there exist C > and y G (0, 1) depending only on n,p and a such that 

(4.70) m\cu,^, < C, 
and 

(B,.r\U) 

< C ((1 + WuWcmouf^Bj P - ^\\l.(B,,r^U) + \\f\\L-'(Vf^B,,)] 
provided that ||0 - ^WwiBirnU) ^ r^- 

Proof. Observe first that by (vzz) in the definition of the class the following C^ " and 
Pogorelov estimates hold 

(4.71) \\dU n B^r\y,. < Co', l|w|lc2.-.Cf7?^) < Co', co/„ < D^w < Cq^I,, in B4, n U. 

Therefore, W'-'dij is a uniformly elliptic diff"erential operator with C" coefficients. Hence, 
we can employ the standard boundary C^'"-estimates for linear uniformly elliptic equation 
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and obtain (14.701) since 

II^IIci.i(b7;I7) - II^''IIc2-«(b7;c7) - C{n,p,a){\\u\\L-^(B2rnu) + ll"llc2-«(5f/nB2.)) ^ C{n,p,a). 

Next, since (Q, 0, i7) e "Pi ip^a^^J Remark [2. 1 1[ the domain t/ and function (p satisfy 
dlj), (D and (123]) and (g^gOl) . Therefore, it follows from Theorem O with C^'^ bound- 
ary data that there exist constants C > and /3 e (0,1) depending only on n and p such 
that 

(4.72) MlcHB^) ^ C(||M||z.~(B,,.nj/) + \\u\\cU2(9unB,,) + ll/llL"(B4^n{/)) < C0, 

where 

:= 1 + \\u\\cin(9uc^B4r) + ll/llL"(B4,nC/)- 

In view of (14.711) . (14.721) . and the standard global Holder estimates for linear uniformly 
elliptic equations (see llGiTl Corollary 9.29], (CC] Proposition 4.13] and Theo- 
rem 1.10]), we can find constants C > and /3' e (0,/3) depending only on n,p and a such 
that 

(4.73) \\h\W(Bg^) ^ C'(||/z||L»(B2,n[/) + \\u\yid(unB2r))) ^ C@. 
Now let < 5 < r. Then we claim that 

(4.74) \\u-hho.^o(B2._^^u))<C6f''@, 
and 

(4.75) \\D^hh^^s2,-snu) < C^'~^-"e. 

To prove (ICTl) . we verify that \{u - h)(x)\ < C6^'0 for all x e d(B2r~s H U). Indeed, if 
X 6 d(B2,-s n t/) then we can find y e diBjr n U) such that \x-y\ < 6. Since u-h = on 
d(B2r n f/), we get from (l472l) and (1473]) that 

|(M - /i)(x)| = \(u - h){x) -(u- K){y)\ < \u(x) - u(y)\ + \h(x) - h(y)\ 

To prove (14.751) . let xq 6 B2r-s H U. If Bs/2(xo) c B2r n i7, then we can apply interior 
C^'^ -estimates to h- h(xo) in Bs/2(xo) and use (14.731) to get 

\\D^h(xo)\\ < C6-^\\h - h(xo)\\L-iBs(.o)) ^ C6^'-'e. 

Incase55/2(-v:o) 't B2r^U, then there exists zo 6 B2r-s^dU c dQ. such that jcq 6 55/2(20)- 
Hence since Bs{zq) nU c B2r n U and by applying boundary C^ '^^-estimates io h - h(xo) 
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in 5,5/2(20) n f/ we obtain 
\\D\h-h{xMc 

1 

2 

k=l 

It follows that \\D'^h{xo)\\ < C^'~^'"®, and thus (14751) is proved. 

Having (14.741 ) and (14.751 ). we now complete the proof of our lemma. Observe that 
u- h £ Wli"(B2r n i7) is a solution of 

^'\u - h)ij = f- ^'^hij = f- [^'j - W'j]hij =: F in Bj, n U. 

The ABP estimate together with (14.741 ) and (14.751 ) gives 

\\U - h\\Lo.(B2,_snU) + \\F\\L"(B2,-6nU) ^ I|W - ^llL"(<9(B2,-_inC/)) + Cn\\F\\L:,(B2r-snU) 

< \\U - h\\L'^t^0(B2r-snU)) + Cn\\D^h\\Lc.^B2r-snU)\\^ - ^\\L"iB2rnU) + C„||/||L«({/nB2,) 

< C(^' + ^^'-^-'^IIO - W|L-,(B„.nj/)) + C„\\fh,^unB2.-)- 

I 

If ||0 - W\\L''(B2,-nu) < then by taking 5 = yo - Wll^:^^^^^^^), we obtain the desired 
inequality with 7 = /3'/(2 + a) since 

\\U - h\\L^^B,.nU) + \\F\\L''iB,nU) < C||0 - mP(^B2.nU)^ + Cn\\f\\L'-(UnB2r) 

□ 

We end this subsection with a result allowing us to estimate the measure of the set 
where the quasi distance generated by (p is bounded from below by certain multiple of 
the Euclidean distance. This set, when restricted to sections of ^, has almost full measure 
when the Monge- Ampere measure detZ)^0 is close to a constant. Its precise statement is 
as follows. 

Lemma 4.6. Assume that (Q, (p, U) e V \-e,\^£,p,K,a where < 6 < 1/2. Define 

(4.76) A^\=^x£U \ (p{x)>(t){x) + V(p{x)-{x-x) + ^\x-x\^, Vjc G 5,2 n f/| . 

Then there exists cr = cr(n,p, a) > such that 

\S40,c')\A^\<Ce'""\S^iO,c\ 
where C depends only on n, p, a and k. 
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Proof. We first note by (|Z8l ) that 

5,6 n t/ c S^{Q,c^) cUDB,3 

giving in particular 

(4.77) |S^(0,c'^)|>C. 

Let w be defined as in (vii) in the definition of the class P. Then the following boundary 
Pogorelov estimates hold 

(4.78) Coin < D^w < c^Hn in B,i n U. 

Let r be the convex envelope of - | in [/ n 5,2- We claim that there exists C > 
depending only on n, p, a and k such that 

(4.79) |{r = - ^} n S^iO,c')\ > (1 - Ce'"")\S^{0,c\ 

Assume this claim for a moment. Then by using (14.781) and arguing as in the proof of 
llGl Theorem 6.1.1], we obtain the desired conclusion. For completeness, we include the 
proof. 

Let the contact set be 

C := {x e f/ n 5,2 : r{x) = (p(x) - 
We assert that for cr := co/2, we have 

Cn5^(0,c'^) cA^n5^(0,c% 
It then follows from (14.791) that 

\S^iO,c')\AJ < \S40,c')\C\ < Ce'''"\S40,c% 

We now proceed with the proof of the claim. Let jcq e C n 5^(0, c^), and let Ix^ be a 
supporting hyperplane to F at jcq. Since xq e C, we have 

(i-o(^o) = 0(^o) - ]jW{XQ) 

and 

(4.80) <^(x) > /,-o(x) + ^ for all x£UnB,2. 

On the other hand, if x e U Ci B^i then the Taylor formula and the first inequality in the 
Pogorelov estimates (14.781) give 

W(x) - w(Xo) - Vw(Xo) • (X - Xq) = | t I {D^w(Xo + 6t(x - Xq)) ■ (x - Xq), X - Xo)d6dt 



^0 
1 



> I tCQ \x - JCoP dt =^\x- xq\^ 
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l(x) := /vo(^) + -w{xq) + -Vw(jco) ■ (x - xq). 



Combining this with ( 14.801) . we deduce that 

^(x) > l(x) + ^ 1-^ - xo\^ Vx 6 [/ n 5,2, 
where l{x) is the supporting hyperplane to (p at xo 'mU n B^i given by 

\w(xo) + \ 

Therefore Xq e A^- with cr = Co/2, proving the assertion. 

It remains to prove (14.791 ). The idea is to compare the image of the gradient mappings 
of convex functions which are close in L'^-norms. This idea goes back to Caffarelli (see 
IIC3[ Lemma 2] and also ULTWl Lemma 6.2]). Since our setting near the boundary is a 
bit different, we sketch the proof. 

By (14.771) . it suffices to consider the case 6 «c 1. By the maximum principle ( IIH09[ 
Lemma 3.1]), we have 

110 - Mk-iU) < C„diam([/)||(detZ)V)'^" - Mln-m < C e"" = e. 

Therefore, 

1 w 1 

-w - e < 4> - — < -w + e in U n B^2 

2 2 2 

and since w is convex, we have 

-w-e<Y<-w + e in 1/08^2. 
2 2 

Let 

Vi = [x £ U n B,2 : dist(x, d{U n 5,2)) > s]. 
Then, using (14.781) . we will show that for 1 » 5 > e to be chosen later, we have 

(4.81) \{r = cp-^}nVi\>(i-C6)\Vi\ 

for some C depends on n, p, a and k. 
Indeed, let 

V2 = [x£U nB,2 : dist(x, d{U n 8,2)) > 26). 

For Xq e V2, consider 

v*{x) := ^w(x) - 6 + 6{r^ - \x - xoh. 

Then 

2e 

(4.82) V* <r on dB{xo,r) and v* > F in B(xo,r ) 

or 



provided that 
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Since would like the ball B{xo, r) with xq 6 V2 to be included in Vi, we require that 

6 > r > -1/ — 
V 5 

which is satisfied if 

Now, it follows from (14.821) and by sliding down the supporting hyperplanes that any 
supporting hyperplane of v* in B{xq, r- is also a supporting hyperplane of F in B{xq, r), 
that is, 

Vv*(Bixo,r-^)GVYiB(xo,r)). 
or 

Hence 

(4.83) Vv*(y2) c VnVi). 



Since 



D^v* = ^D^w - 161n = ^(1 - 4co'5)Z)2w + 16{cl^D^w - /„), 



we obtain from detD^w = 1 and the bound on w in (14.781) that 

detZ)\* > ;^(1 - 4co^5)" > ;^(1 - 4nCo^5) =: ^ - Ci6. 

Hence 

(4.84) |Vv*(y2)l= r detDV >(4-Ci5)|y2|. 

JV2 ^ 

Next, as F is convex with F e C^'^(i7 n 5^^) and detD^F = a.e. outside C, we have 



(4.85) |VF(\/i)| = |VF(yi n 01 = r detD^F. 

J Vine 

We now estimate detD^F from above. For this, observe that for any x G C, the function 
- - F attains its local minimum value at x. Hence, 

Z)2F(x)<d2(0-1w)(x) 

at any twice differentiable point of F and 0. Therefore, this inequality holds for a.e e C 
by Aleksandrov theorem. Note that for symmetric, nonnegative matrices A and 5, we 
have 

(det(A + 5))>^" > (detA)^^" + (det5)i/". 
Thus, for a.e x e C, we have 

(det d2F(;c))^^" < (det D^{<p - ^w)(;c))^^" < (det D^)'^" - (det D^i-w^x))""''' 

< (l+6)'/"-l<l + -- 

2 2 n 
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Hence 



9 1 

detD^rW < - + C26, 



which together with (|4.85l) gives 

|vr(yi)i<(l + C26)|yinc|. 

We infer from this, (14.831) and (14.841) that 

(4.86) \V, n CI > IV2I > (1 - C^5) \V2\ 

1 + 2"C26 

for 6 < 60 with 60 is a small universal constant. 

By {iv) in the definition of the class f , we have 115^2 n (9f/||ci.i < /c- Consequently, 

|(t/ n 5,2)\y2| < C^5 and |y2l > |yil - C45 

for some C4 > depending only on n,p and /c. Combining the above inequalities with 
(14.861) . we easily obtain (HTFTT) . 

It follows from (14.811 ) and the inclusion {Y < ^ - j} c U B^i that 

(4.87) |{r<0-|} 05^(0,0*^)1 < |{r<0-|}nyi| + |([/n5,2)\yi| 

< C6\Vi\ + C4S < C56. 

Taking (|4.77l) into account, we find 

|{r<0-|} 05^(0,0*^)1 < C(5|5^(0,c'^)|<C6^/^"|5^(0,c'')|. 
This gives the claim (14.791) and the proof is complete. □ 

5. Density and Global W^'P Estimates 

In this section we will prove global W^-'^ estimates for solutions to the linearized 
Monge-Ampere equations as stated in the introduction. The key tools are density esti- 
mates and a covering lemma. 

5.1. Density estimates. In this subsection, by using approximation lemma in Subsection 
14.21 together with the stability of cofactor matrices established in Subsection 13. 4[ we im- 
prove density estimates obtained in Section [3] when the Monge-Ampere measure detD^0 
is close to 1 . 

Our first lemma improves the power decay estimates in Proposition 13 .71 which say that 

for (Q, 0, U) e Pa,a,p,k,*^ the quantity 15^(0, r) \ Gn(u,Q.)\ decays like CN^'^. Here, we 

i 

improve C by roughly a factor of ||0 - W\\l"(U) + {fu I/I" ^•^) ' when * is replaced by a, 
A and A are close to 1, and W is the matrix of cofactors of D^w of the solution to the 
Monge-Ampere equation det D^w = 1 with the same boundary values as cp. The precise 
statement is as follows. 
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Lemma 5.1. Assume (Q,^, U) 6 ^i-ej+e,p,K,Q, where < e < 1/2. Let r = Suppose 
u e C{Q.) n C^U) n Wf^"(U) is a solution of JL^u = f in U that satisfies 

l|M||L"(f/) + \M\c^-"(dUnB4r) ^ 1' 

and has at most quadratic growth in the sense that 

(5.88) |m(jc)| <C*[l+ dix, Xof] in Q\U for some Xq £ Br/2 U. 

Then there exist r = T(n,p) > and No = No(C*,n,p, a) > such that for N > Nq we 
have 

\GN(.u,n) n S^(0,c')\ > jl - C{N-'6l + e'^'")} \S^{0,c'')\ 
provided that ||0 - W\\L"{B2rnu) ^ f"^- Here W, y are from Lemma \4~5\ 

do := (1 + \\u\\cm,ounBj l|0 - Wll^,.^^^,.^^,, + ( f |/|" dxf 
and the constant C depends only on and n,p, a and k. 

Proof. Let h be the solution of 

W^hij =0 in 52,- nt/ 
h =u on d{B2r n U). 

By Lemma |431 there exists Cq depending only on n,p and a such that 

(5.89) \\h\\cu(^) < Co, 

(5.90) \\u - h\\^^^^^^ + 11/ - trace([«D - '^]DM\Ln(mJ) ^ =" ^o- 

The last inequality so obtained from Lemma |43] is due to the obvious estimate WfiWi-iunBi,) ^ 
and, since U c 

ii/iil"(c/) < -f i/r dxf. 

%J u 

We now consider h\B,.nu and then extend h outside B,- n U continuously such that 

I h(x) = u(x) Vjc 6 \ (52r H U), 

\ \\U - /z||L~(i2) = \\U - /illL-lB.nf/)- 

The maximum principle gives 

ll^llL"(B,n[/) < l|M|lL"(f/) < 1, 

and thus 

(5.91) u(x) - 2 < /z(x) < u(x) + 2 for all x e Q. 
We claim that if > A^o, then 

(5.92) {Bl n f/) n c G7v(/z, Q.) 
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where cr = cr{n,p, a) > is the constant given by Lemma |431 and the set Aa- is defined by 

Indeed, let x e (Br n U) n A^. By (15.891) we have 

\h(x) - [h(x) + Vh(x} ■(x-x)]\< Co\x - xf for all x e B,. n U, 
and since x e Aa- 

(5.93) d(x, xf = (l){x) - + V0(jc) • {x - x)] > ^\x - x\^ Vx e £4, n U. 
Therefore, 

(5.94) \h(x)-[h(x) + Vh(x)-(x-x)]\< — -d(x,xf Vx e 5, n t/. 

' ' cr 

We next show that by increasing the constant on the right hand side of (15.941) , that the 
resulting inequality holds for all x in Q. 

To see this, we first observe that by the maximum principle 

max (p = max 6 = 1 

u au 

and by the gradient estimates (v) in the definition of the class V and xq e U f\ B,./!, we 
have 

(5.95) d(x, Xq)'^ = d(x, xf + {(pix) - 4>{xo) - (V^(jco), x - Xq)] + (V0(^) - V^(xo), x- x) 

<d{x,xf + Ci{l + \x-x\) for all x&Q. 

for some universal Ci depending only on n and p. 
Next, we observe that if Ci = err I A then 

(5.96) d{x,xf >ci\x-x\ \/x£Q\BrnU. 

Indeed, by (15.931 ) and the fact that x e B^ n U, the above inequality holds for all x e 
U n dBr- Now for X e Q. \ Br r\ U we can choose x £ U n dB,- and /l 6 (0, 1) satisfying 
X = Ax + {1- A)x. Then since d{x, xf > Ci\x- x\ and the function z ^ d(z, xf is convex, 
we obtain 

Ad(x, xf + (1 - A)d(x, xf > Ci\Ax + (1 - A)x - x\ = CiA\x - x\ 

which gives d{x, xf > Ci\x- x\ and hence (15.961) is proved. 

We are ready to show that (15.941) holds for all jc e Q but with a bigger constant on the 
right hand side. Let x e Q. \ B,. r\ U. Then, recalling x e Br n U and by (15.961) . we have 

d{x,xf > cir/2 =: C2. 
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We can estimate using (15.891) and (15.911) . 

\h(x) - [h{x) + Vh{x) ■{x-x)]\ < \h(x) - h(x)\ + Co\x - x\ 
(5.97) < +Co(|;c-^| + 1) 

Consider the following cases: 

Case 1: x e U\BrCi U. Using (15.971) and the above lower bound for d(x, x)^, we obtain 

Mx) - [hix) + Vh(x) • (x - Jc)]| < 1 + Co(|jc - jc| + 1) < 1 + Co(2r ^ + 1) < C2 dix, xf. 

Case 2: X e Using (IS^WI) . (15:88]) . (15:951) . (15:961) and the above lower bound 

d{x, xf > C2, we find that 

\h{x)-{h{x) + Vh{x)-{x- x)]\ < \u{x)\ + Co{\x - x\ + I) 

< C* [1 + J(jc,JCo)^] + Co(|x- Jcl + 1) 

< a d{x,xf + C^{\x-x\ + l) 

< C^d{x,xf. 

Therefore if we choose 

A^o := max I — -XiXX 
then it follows from the above considerations and (15.941) that 

\h{x) - [h{x) + Vh{x) ■{x-m< No dix, xf for all x e Q. 

This means x e GjMoih, Q) c G/v(/z, Q.) for all N > Nq. Thus claim ( 15.921 ) is proved. 
Next let 

(u- h){x) 

u (x) := , tor X e Ll. 

6' 

We infer from (15.901 ) and the way h was initially defined and extended that 

l|w'llL»(n) = -^11" - h\\L^(B,nU) < 1, 
^0 

£^u' = ^[£^u - £^h] = Uf - trace([0 - W]D^h)] =: f'{x) in B, n U. 
Notice that Wf'WfiBrnu) < 1 by (15.901 ). Thus we can apply Proposition 13. 71 to get 



\S^iO,c') \ G^{u',a)\ < C(-^)' 15^(0, c"^)!. 



As Gn_{u' , Q) = Gn{u - h, Q), we then conclude 

\S^{0,c')\ - \Gm(u -h,n)n S^iO,c')\ < c(^) |S^(0,c'^)| 



GLOBAL IV' " ESTIMATES FOR LINEARIZED MONGE-AMPERE 



51 



yielding 

{l - C(^)'} 15^(0, c")! < \Gn{u -h,a)n 5^(0, c")! 

< \Gm(u -h,Q)n 5^(0, c"") n A^l + |S^(0, c') \ A^\ 

< \Gm{u -h,a)n 5^(0, c") n a,| + Ct'^^" |5^(0, 

where the last inequality is by Lemma |4~6l Consequently, 

(5.98) \GMiu -h,Q.)n S^iO,c'')nAA > {l - c[{^y + e""']^ \S^iO,c% 
We claim that 

(5.99) Gn{u -h,Q.)n 5^(0, c'^) n c G2n{u, Q) n 5^(0, c'^) 

which together with (15.981) gives the conclusion of the lemma. 

To prove the claim, let x e G^iu-h, Q.)r\S (p(0, c^)r\Aa: Then x 6 GN{u-h, Q.)r\GN{h, Q.) 
by (15.921) , and hence (15.991 ) holds. This completes the proof of the lemma. □ 

Having the improved decay estimates in Lemma [STTl we can now proceed with density 
estimates when the Monge- Ampere measure detD^cp is close to a constant. Our next 
lemma is concerned with second derivative estimates for solutions to X^m = /. It roughly 
says that in each section S^(x,t) with small height t, we can find a very large portion 
(as close to the full measure as we want) where u has second derivatives bounded in a 
controllable manner. The bound on D^u is made more precise by using the openings of 
the quasi paraboloids that touch u from below and above. So far, we have no apriori 
information on the boundedness of D^u. However, we can still hope for a bound of order 
Y for \D^u\ in S ^{x, t) as explained in Subsection 12.21 using an L"'-norm rescaling of our 
solution. This heuristic idea explains the factor y in the estimate of Lemma 15. 21 and the 
way the solution is rescaled in the proof. 

Lemma 5.2. Assume ^ satisfies (12.21) and <p 6 C^'^iP.) is a convex function satisfying (|2.4I) 
and 

1 - 6 < det < 1 + e in Q. 

Assume in addition that dQ £ C^ "" and (p 6 C^'"{dQ.) for some a 6 (0, 1). Let u 6 
C'(f2) n W,^'"(Q) be a solution of £.^u = f in Q. with u = on dO. and ||M||L"(n) ^ 1- Let 
< 6o < 1. Then there exists 6 > depending only on eQ,n,p and a such that for any 
X £ Q. and t < Ciwe have 

(5.100) |G^(M,Q)n5^(x,r)|>|l-6o-C(^)'||/||[„(„,| \S^(x,t)\ VA^>M. 

Here r = T{n,p); C and Ni depend only on n,p and a; ci > is small depending only on 
n,p,a, \\dQ.\\c2.a and \\(f>\y.^day 
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Proof. If e is small then by the global W^^'' estimates for solutions to the Monge- Ampere 
equations llS3l Theorem 1.2], we have e W^'^'\0) and hence (p £ C^(f2). 

Let us first consider the case x e dO.. We can assume that x = 0, ^6(0) = and 
V0(O) = 0. By the Localization Theorem 12 .21 we have 

kEtHQc 5^(0, t) c k-^E, n Q, 

where Ef := Aj^Btm with A^^c = x - TfX^ and 

T,-e„ = 0, IIAr'll, ||A,||<r'|log4 

We now define the rescaled domains Q.t, Ut and rescaled functions 0, and u, as in Subsec- 
tion [2]2]f/?af preserve the U^-norm ofu. We have 

J:^.ut{y) = tf{T-'y) =: f,{y) 

where T := r'''^A( and 

l|M?llL~(n,) = llM||L~(n) < 1, Ut = on n fi^t. 
Moreover, we have from Proposition 12 . 1 21 that 

l+e,p,Cf'/-,Q' ^ ' 1 -e, 1+6,0,1,0- 

if f < c, where c > is a small constant depending only on n,p, a, \\dQ.\\c^.a and ll^llc^^c^n)- 
Now, applying Lemma [STTI with C* = 1, we have 

\Gn{u„ a„ (Pr) n 5^,(0, c')] > jl - CiN-'6l + e"'")] \S^,{0, c')\ 
for any N > Nq where A'^o depends only on n,p, a and 

(5.101) 5o := \\<^r-m\l,.^s,_nu,) + (-f \fr\"dy)\ 

y is given by Lemma |431 Wt is the function in (vzz) in the definition of the class P as- 
sociated with the triple (Q,, (pt, Ut) and W, is the cofactor matrix of D^Wf This together 
with the stability of cofactor matrices in Proposition 13.141 implies that the existence of 
6 = e(6o, n,p, a) > such that for r := c^, we have 

IG^iUt, a, 0.) n S^XO, r)\ > |l - 6oyS - CN~\ £ |/,|" |5^,(0. 

= |l-6o;e-C(-[-r(f l/rJx)"} 15^,(0, 

where = /3(n,p) < 1 is a universal constant to be chosen later. 

As 5^,(0, = T(S^(0, rt)), it is easy to see that for Gn{u, Q., (p) = Gn{u, O), 

GNiuu a, (p,) n 5^,(0> r) = t[Gn_{u, Q, 0) n 5^(0, rt)). 
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Therefore we conclude that 



T(GN{u,Q)nS^(,0,rt)) > |l - fieo - C(-[-)^( f |/|" dxf] \nS ^(,0,rt))\ < c 



This is equivalent to 
(5.102) 



giving (15.1001) for any N' > Ni = Nor and t < rc. 

Next we consider the situation that x We then have the following possibilities: 
Case 1: t <hll, where h := h{x). 

\i h > c where c is defined in Proposition 12.31 then the estimate (15.1001) is an easy 
consequence of the interior density estimates PGNll Lemma 4.3] which we now recall. 

Lemma 5.3. (" HGNlj Lemma 4.2]) Let < ao < 1 and Q. be a convex domain in R" 
satisfying B^g c Q c and u € C^(Q) n W^^^^{Q) be a solution of<^'^Uij = f in Q. with 
ll"llL"(n) ^ 1, where (p 6 C{Q) is a convex function satisfying ^ = on dQ. Let < 6o < 1. 
There exists 6 > depending only on 6o, ao> o.nd n such that if 

1 - 6 < det D^(p < 1 + 6 in Q, 

then for any section S Jxo, — ) c Q.ao+i := {x e Q : (p{x) < (1 - ^^) minn (p), we have 

\Gn(u, Q) n S^ixo, to)\ > 1 1 - 60 - f l/r )" i \S^(xo, to)\ 

for every N > Nq. Here C, r, A^o (^re positive constants depending only on ao, n and Icq. 

Now we consider the remaining situation in Case 1 where h < c. We define the rescaled 
domain Q/j and rescaled functions Uh and fi^ as in Sub section [2]2] that preserve the L°°- 
norm in a section tangent to the boundary. Now, we apply Lemma 15.31 to the domain 
S^,_(0, 1) with ao = 3/4, xq = and to = t/h < 1/2. Clearly, we have 

to 



5^„(0, ^) c 5^„(0'2/3) c 5^,(0,7/8) = (5^,(0' l))..3/4 

CHO ^ 2 



Thus, 
(5.103) 



\Gm(un,S^^(0, 1),0,) n 5^,(0, |)| > |l - 6o - C{-^y{j^ )"| |5^,,(0, ^)|. 

Let Ty := h~^l^Ah(y - x). Then 

Gm(m/„ 5^,(0, 1), 0,) n 5^,(0, ^) = r(G|(M, a) n 5^(jc, o). 
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Changing variables in (15.1031) gives 

\Gk(u, n) n s^ix, 01 > 1 1 - 60 - Ci^y( f l/r f " [ \s^{x, t)\ 

and hence (15.1001) holds. 

Case 2: h/2 < t < rc/c = ci where c > 1 is the constant in Proposition 12. 141 Then 
by Proposition 12. 14[ we know that S^(x,2t) c S^(z,ct) for some z e dQ., and by Theo- 
rem [2l3tb), 

C,f'^ <\S^(,x,t)\<C2f'^ V?<co. 
Using these inequalities and the estimate (15.1021) in the case of boundary section, we get 

S Jx,t)\GN(u,Q) < S Jz,ct)\GN(u,Q.) 



'^ + <^(S)lf \f\''dxf]\S^(z,ct)\ 

^ JsAz.ct/r) ) 



< \eo/3 + Ci^y( [ \fr dxf] r^C2C 



< 



This implies (15.1001) as desired by choosing /3 = CiC^^c^ and c\ = rc/c = c'^c/c. □ 

The following lemma is a key technical ingredient in our global W^-p estimates. It 
propagates a point in a given section where the solution u of X^w = / has bounded second 
derivative to almost all points in that section. A bit more precisely, it says that if in a small 
section S ^(jc, we can find a point where u is touched from above and below by quasi 
paraboloids of opening y generated by (p then on a set of nearly full measure of S ^{x, t), u 
is touched from above and below by quasi paraboloids of opening Ny generated by (p for 
some controllable constant A'^, provided that det D^cp is close to a constant. 

Lemma 5.4. Assume Q. is uniformly convex satisfying (12.21 ) and (f> e C°'^(n) is a convex 
function satisfying (12.41) and 

1 - 6 < det < 1 + e in Q. 

Assume in addition that dQ e C'^'" and (p e C^'"{dQ.) for some a 6 (0, 1). Let u 6 
C'(Q) n W^^"{Q.) be a solution of£,^u = f in Q and u = on dQ.. Let < 6o < 1. Then 
there exists 6 > depending only on eo,n,p and a such that for any x £ Q, t < C2 and 
S ^(x, n Gy(u, Q) Qwe have 

(5.104) \Gmj(u, Q) n S^(x, 0| > |l - 60 - C(Nyr{ f 1/1" dxf] \S ^(x, t)\ 

{ Js^xm ) 
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for all X e S ^{x, t) and N > N2- Here r and depend only on n and p; C, C2 and N2 
depend only on n,p, a, the uniform convexity ofQ, \\dD.\\c2.a and \\(p\\c^-.«(da.y 

Proof. As explained in the proof of Lemma [5!2l we have (f> 6 C^Q) n W^'^"(Q.) if e is 
small. 

Let us first consider the case x e dQ.. We can assume that x = 0, (f)(0) = and 
V0(O) = 0. Let h = 6t where 6 > I will be chosen later depending on n and p. Let 
Afi be the affine transformation as in the Localization Theorem 12.21 We now define the 
rescaled domains Q/,, Uh and rescaled functions 0/,, ii/, and fij as in Subsection 12.21 that 
almost preserve the U°-norm ofD^u. Let T = h'^^^Ah. 

Let X e 5^(0, t) n Gy{u, H) and y := Tx. Then 

-yd(x, x)^ < u(x) - u(x) - Vu(x) ■ (x - x) < yd(x, x)^, Vx e Q. 
By changing variables and recalling that Q.^ = T(Q.), Uhiy) = h'^u{T'^y), we get 

(5.105) -y- — < h(y)-h(y)-^h(y)-(y-y) <7- — ' , e Q,. 

ut ot 

Since x e 5^(0, t) c 5^(0, 6t), we have by the engulfing property for boundary sections in 
Theorem I2.13r a) 

S40,et)cs4x,e^t). 

It follows that 

d(x, xf < e^t for X G 5^(0, Ot) 
yielding d{T-^y,T-'^yf < ^^fforallj e Un := T{S^{Q,h)). Consequently, 

-By < Uhiy) - My) - ^Uhiy) ■(y-y)<ey 6 Uh. 

Let 

(5. 106) vCv) := ^ [Uhiy) - hiy) - ^Uhiy) -(y-y)], y&^h- 

Then |v| < 1 in Ui„ and thanks to Lemma [53] below we get for t < Ca 

(5.107) \\v\y-«(au„nB,) ^ Ca, 

where Cq,, Cq, depend only on n,p, or, the uniform convexity of £i, ||5Qllc2.ff and ||0|lc2.«(an)- 
By (|5.105l) we have 

(5.108) |v(j)| < -^d{T-'y, T'^yf < -^d^.iy^yf e r(Q), 
where we recall 6t = h and 

d<t,„(y, yf := (Phiy) - Uy) - "^^Phiy) ■iy-y) = h~' d{T~'y, T''y)\ 



56 



NAM Q. LE AND TRUYEN NGUYEN 



Moreover 

-1 7 - 



X^, V = {eyVL^,Uh = m-'fu = iOyrfiT-'y) =: fiy). 

Because x e 5^(0, t), we have y = Tx e 5^(0, |). Hence, we can choose 6 > I depending 
on n,p, k such that y 6 n f7. With this choice of 6, we have by Proposition [2712] 

8 

if f < c, where c > is a small constant depending only on n,p, a, ||5^1||c2,b and ||0|lc2."(5n)- 
Here we can choose c < c^, and hence it also depends on the uniform convexity of Q. 
Thus, using (15.1071) and (15.1081) . we can apply Lemma [STI to v := v/Ca to obtain 

|G^(v, Qh, cf>,) n 5^(0, c")! > jl - CiN-'6l + e'"")] |5^„(0, c')\ 

for any A'^ > A^o, where is as in (15.1011) . This together with the stability of cofactor 
matrices in Proposition 13 . 1 41 implies the existence of 6 = e(eo, n,p, a) > such that 

\GN(v,nH,^h)nS^,XO,r)\>i^l-eo/3-CN''(£ 1/1" |5^„(0,r)| 

= (l - eo/3 - C{-^y( f l/r dxf] \S^,XO,r)\, 
where for simplicity we have denoted 

and here /3 = [i{n,p) < 1 is a universal constant to be chosen later. It follows that 
15^,(0, r) \ Ga,(v, an, 0„)| < [eoP + C(-i-)^( f |/|" dxf] |S^„(0, r)\. 

As 5^„(0,r) = T(S^(0,ert)) and v(3') = cjT^,[uiT~'y) - u(x) - Vu(x) ■ (T-'y - x)], it is 
easy to see that 

G^iv, n,, (Ph) n 5^„(0' r) = T[Gc^Ney{u, D) n 5^(0, rOt)). 
Therefore, by the volume estimates in Theorem l2.13r b). we conclude that 
15^(0, rt) \ Gc„Ner(u, Q)| < |5^(0, rOt) \ Gc„Ney(u, Q)| 

< lc]'C2e'ieo/3 + C{-^y(-f \frdxy]\S^iO,rt)\. 

By setting A^' = CaNO, /3' = C-^C26"'^I3, we can rewrite this as 

(5.109) \GM'y(u,Q)nS^(x,t)\>h-eofi'-C{^y(j^^ ^ ^ 1/1" Jx)H \S^(x,t)\ 
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for any N' > N2 = CaNoO and t < rc. From Theorem l27T3l a) we have S ^{x, j_t) c 
S^(x, ^t) for any x e S ^(x, t). Therefore, by Theorem [2. 13f b). we see that (15.1091) yields 
(1^1041) . 

Next we consider the situation that x e Q. We then have the following possibilities: 
Case \: t < h/2, where h := h(x). This case can be handled as Case 1 of Lemma [S!2l 
using now nGN2[ Lemma 4.5] and afRne transformations similar to the ones at the begin- 
ning of the proof of this lemma. 

Case 2: h/2 < t < rc/c = C2, where c > 1 is the constant in Proposition 12. 14[ Then 
by Proposition 12. 141 we know that S^(x,2t) c S^(z,ct) for some z 6 dQ.. Thus, by the 
estimate (15.1091 ) in the case of boundary section, we get 

(5.110) \S^(x,t) \ GNy(u,Q)\ < \S^iz,ct) \ GNy(u,Q)\ 



< \ 6oyS' + C{-^y( f I/I" dxf \ \S^iz, ct)\ . 



For any x e S^(x, t) c S^(z, 7O, we get S^{z, 7O c S^{x, ^t) by the engulfing property 
in Theorem 12.131 Now, using (15.1 101) and the volume estimates in this theorem, we find 
that 

\S^ix, t) \ G^yiu, Q)| < \^^li'C-,'C2ci + C{^)\ ^ ^^^^ ^ I/I" \S^{x, t)\ . 

This gives (|5.104l) with := 6^60/ r if we choose yS such that 



In the next lemma we prove that the function v defined as in the proof of Lemma [541 
has uniform C^'" bound on dUh n 5^.. 

Lemma 5.5. Let v be defined as in (15.1061) . There exist Ca,Ca > depending only on 
n,p, a, the uniform convexity ofQ, ||5Q||c2<' and ||0|lc2«(5n) s^ch that for t < Ca, we have 

(5.111) Ilv|lc2.-(f?f/„ns+) ^ (^c,- 

Proof. Since dQ. is C^"^ at the origin and O. is uniformly convex, we have 

\xn - q{x')\ < M Ut^" for x = (/, x„) 6 n Bp, 
where q{x') is a homogeneous quadratic polynomial with 

(5.112) Dlq>C'ln-i. 

Recall h = 6t. Then it follows from the definition of f//, and Proposition 12.121 that 

(5.113) \xn-h^'^q{.x')\<Ch^\x'\^^'' on dUnnBl 
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if h < ho, where ho, C depend only on n,p, a and the C^'" norms of dQ. and ^\sn at the 
origin. Hence by combining with (15.1 121) . we see that if h < Hq {ho now depends also on 
the uniform convexity of Q.) then ondUh n 5^, 

(5. 1 14) hi^'^qix') < Xn < Ih^'^qix'). 
Let 

liy) = -^[^h(y) + Vm/,(j) • (y - y)]- 

Then l(y) = v{y) for y e dU^ n B^. Since |v| < 1 in Uh, we find that 

(5.115) \l(y)-Kz)\ = ^\VuH(y)-(y-z)\<2 ^/y,z e dU,n B^. 

All constants in this lemma, unless otherwise indicated, depend only on n,p,a, the 
uniform convexity of Q. and the C^'" norms of dO. and (f)\asi. 

We now divide the proof into three steps. 
Step 1. / is uniformly Lipschitz at the origin: there exists L > such that 

|/(z)-/(0)| <L|z| VzedUhnB;,. 

Take z e dUh n 5^2\{0}. Let C be the curve which is the intersection of dUh n B^ and 
the vertical plane (P) passing through z and the origin. Let p and q be the intersection 
of C with dB^. We now have a plane curve C in (P) which can be assumed to be the 
usual xy-plane. It is easy to see from (15.1 12I) - (I5.1 141) that C is a graph in the y-direction 
C = {(x, (p(x))} with C^'^ norm comparable to h^^^, that is 

C-^h^'^ < (p"(x) < Ch^l^. 

Note that, this also follows the proof of ULSi Lemma 4.2] for the case of uniformly convex 
domains Q.. 

Since \p\ = \q\ = k, we find that 

yp ~ h ^ ,yq ~ h ^ , ~ k, ~ k. 

Without loss of generality, we can assume that yp < y^ and < < Xq, that is, p is on the 
left half -plane while q is on the right half -plane. The horizontal line through p intersects 
C at another point q . Since ip' < Ch^'^ and y^^' = yp ~ h^^'^, we must have x^' ~ k. In 
particular, z lies on the arc pQq . We can assume that z lies on the arc 0^'. Now, take a 
ray emanating from q and parallel to Oz- This ray is exactly qO when z = q and it is q p 
when z ^ 0. Thus, by continuity, there must be a point m on the arc Op such that qm is 
parallel to Oz. Clearly, 

\q - m > X' ~ k. 



GLOBAL IV' " ESTIMATES FOR LINEARIZED MONGE-AMPERE 



59 



Using 

Z = T, :iq - m), 

\q - m\ 

we find from (15.1151) that 

\l(z) - /(0)| = ^ m.iy) ■ z\ = l^My) ■ (q - m)\ < — ^ <L\z\. 

Thus, / is Lipschitz at 0. 

Step 2. Let -^Vuhiy) = (a',an). Then 

\a'\<2L, \an\h^'^<CL. 

First, we note that the projection of dUh n Bk on {x„ = 0} contains a ball of radius com- 
parable to k. By rotating coordinates in {xn = 0}, we can assume that a' = (A,0, • • • ,0). 
Take a curve C = {(x, 0, ■ • ■ ,0, (fix)) \ -k^ < x < k^} in dUj, n 5^. that lies in the Xix^ 
plane. Note that 

(fix) ~ h^'^x^. 
By the Lipschitz property of / in Step 1, we have 

^\Vh(y) ■ix,0,--- ,0, <pix))\ = \Ax + a„<p(x)\ < L yjx' + {ip{x)f < 2L \x\ 
9y' ' 

It follows that 

(fix) 



A + a„- 



< 2L 



and we get the desired bound 

\a'\ = \A\ < 2L 
by letting a: ^ 0. As a consequence, we have 

\a„(p(x)\ < \Ax\ + 2L\x\ < 4L\x\ . 
Using the lower bound on the growth of (p, we obtain 

\a„\h^''- < CL 

by taking \x\ ~ k^. 
Step 3. We have 

l|v||c2.«(a(7AnB+) = ll^llc2"(<5f7/,nB+) ^ C. 

Recall from (15.1 131) that dll^ n 5^ is a graph in the e„ direction, that is, 

dUu(^B, = [{x',ilf{x')): |x'|<C,}, 
with the following properties: 

(a) ||V^|L~ + ||DVIIl» < ch'i^ 

(b) ||Z)Vllc"<C/j^. 
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For y 6 dUh n 5^,, we have y = {x' , tfr(x')) and 

l(y) = m - ^^Uy) ■ y = m -a -x' - a„ip{x') 

where /(O) is a constant bounded by 1. Clearly, the C^-" bound for / on dUh n 5^ now 
follows from (a) - {b) and Step 2. □ 

5.2. Global W^''' estimates. In this subsection we will use the density estimates estab- 
lished in Subsection 15. II to derive global ly^'^-estimates for solution u of the linearized 
equation = / when / e L'^(Q.) for some ^ > n as stated in Theorem 1 1.1 1 and Theo- 
rem [L2l 

Proof o f Theorem [777] The assumptions on Q. and in the statement of our theorem imply 
that Q. satisfy (12.21) for some p > and, by Proposition l2.4l satisfies (12. 4|) . Thus, Q. and 
(p satisfy the conditions of Lemma 15 .21 and Lemma [541 

By the ABP estimate, it suffices to establish our W^''' estimates in the form 

WDMvm < c(||M||L»(n) + ll/llL'/(n))- 

eu 

We first observe that by working with the function v := — — — — instead of u, 

f||"llL»(n) + Wlhiisi) 

it is enough to show that there exist e, C > depending only on p, q, n and Q. such that 
if 1 - 6 < detD^0 < I + 6 in Q., ^ = u = on dQ., JL^u = / in Q, ||M||L~(f2) < 1 and 
WfWmci) < e, then 

(5.116) \\DMmn)^C. 

Notice that u e Wl'^^{Q.) for any n < s < q as a consequence of Wf^j^ estimates in [IGN2I . 

Let Nt = max{Ni,N2} where A^i and N2 are the large constants in Lemma \572\ and 
Lemma [53] and c = min{ci,C2} where ci and cj are the small constants in the above 
lemmas. Fix M > A^* so that l/M < c. Next select < 60 < 1/2 such that 

and e = e{eo, n, Q.) = e(p, q, n, Q) be the smallest of the constants in Lemma 15.21 and 
Lemma [531 With this choice of e, we are going to show that (15.1 161) holds. Applying 
Lemma [5^ to the function u and using ||/||L'?(n) < f we obtain 

\S^(x, t) n Gm(m, ^)\ > (1 - 60 - Ce') \S^{x, t)\ 

as long a% X e O. and f < c. By taking e even smaller if necessary we can assume Ce^ < 60. 
Then it follows from the above inequality that 

(5.117) \S^{x,t)\GM.{u,^)\<26Q\S^{x,t)\ for any x eTi, t < c. 
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Let l/h < c. For x e D.\ Ghmiu, H), define 



g{t) : = 



\{a\GhM{u,a))(^s^{x,t) 



\S^{x,t)\ 



We have lim,^o g{t) = 1 • Also, if 1 //i < ? < c, then (15.1171) gives 

|(Q \ G/,m(", ^^)) n 0| < \ Ghm{u, Q.)\ 

< \S^{x, t) \ Guitiu, a)\ < 260 

Therefore g(t) < 2eo for t e [l/h,c]. Then by continuity of g, there exists t,, < l/h such 
that gfe) = 260. 

Thus for any x e Q. \ Ghmiu, £l) there is f.v < l/h < c satisfying 

(5.118) \(n\GHM(u,n))nS^(x,Q\ = 2eo\S^(x,Q\. 
We now claim that (15.1 181) implies 

(5.1 19) S^x, f,) c (Q \ GiM Q)) U {z 6 n : M(/")(z) > (c*Mhr ], 
where c* := (^y'\ and 



Indeed, since otherwise there exists x e 5^(jc, tx)rtGi,(u, Q) such that M(f")(x) < (c*Mh)". 
Note also that tx < c. Then by Lemma \5A\ applied to u we get 



|(Q \ GhMiu, n)) n 5^(x, f,)| < |S^(x, tx) \ Ghuiu, Q)| < 26o |5^(x, r,)|. 

This is a contradiction with (|5.1 181) and so (15.1 191) is proved. We infer from (15.1 181) . 
(15.1191) and Theorem [2j5] that 

(5.120) \Q. \ GhM{u,Q.)\ < V2^[|Q \ Gn{u,n)\ + |{x 6 ^ : MiDix) > {c*Mhf }\] , 

as long a&l/h < c. 
For = 0, 1 , . . . , set 

Uk := \0. \ Gm^{u, and bk := |{jc 6 Q : M(/")(Jc) > (c*MM*^)"}|. 

Let h = M, then we get from (15.1201) that a2 < V26o(fli + ^i). Next let h = M^, then 
^3 < V2eo(a2 + Z?2) < 26oai + 26o^i + V2eo ^2- Continuing in this way we conclude that 




\S^{x, tx) n GhMiu, Q)| > (1 - 26o) \S^{x, tx)\ 



yielding 



k 



(5.121) 




for k = 1,2,. . . 
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We are now ready to prove (15.1161) . We have 



r \Diju\P dx = p f 
Jn Jo 



dx = p \ tP'H{x e Q. : \DiMx)\ > t}\ dt 



JnMP pM I' 

f-^\{x e Q : \Diju(x)\ >t}\dt + py I f^-'llx e Q : lAy^WI > ''}| dt 

oo 

IQIM" + (M^ - 1) ^ M"''\{x e Q : \Diju{x)\ > m't}\ 

< |Q|M^ + (M« - 1) 

< \Q[M'^ + {M" - 1) C(n, e, Q) ^ mT^^^"^^^) + M^^Iq \ Gu^iu, Q)\ 

k=l k=l 

where we used (13.281) with m = q/p > I and /3 = in the second inequality and used 
(13.291) in the last inequality. Since e > is small, the first summation in the last expression 
is finite and hence (15.1161) will follow if we can show that 2r=i M'"i\Q. \ Gmi-(u, Q)| < C. 
For this, let us employ (15.1211) to obtain 

oo oa ca k—\ 



g(A-+l) 
0° P 



< 



k=l 



k=l 



k=l 



k=l 

V2eo 
V2eo 



k=l (=0 



k=\ 



1=0 



k=\ 



i=Q 



V2eo 



+ 



i=0 



But as /" e L"(n) and > n, by the strong-type estimate in Theorem 12. 161 we have 



/i 

Jn 



\M(r)(x)\" dx < C(, 



n,q,p) f \f" 
Jn 



(x)\" dx < C(n,q,p)\\f\\l,^^^ < C(n,q,p) 



implying YZoi^^y^^bi < C. Thus YX=i ^''''{Q. \ GmKm,^)! < C and (l5JT6l) is proved. 



□ 



Finally, we prove Theorem 1 1.2[ 

Proof of Theorem [772] It suffices to prove the theorem for the case </? = since u := u-(p e 
C(Q.) n Wf^'^"XQ.) is the solution to the linearized Monge- Ampere equation 

I £^u =f in Q, 
1 M = on 5Q, 
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~ . . ^ 'J (fi-l)qs 

where /'-=/- ^^^(fij ^ Indeed, since g e C(S1), we have (p e W'^iQ.) 

. . qs ^ 

by Savin's global W estimates [[S3ll . Thus O'^ 6 L~{Q.) for all i, j and hence / := 
/ - 0'V,7 6 L^iO.). 

In view of Theorem [TTT] and the interior W^-p estimates obtained in HGNlfl . the theorem 
follows by localizing boundary sections of (p using Theorem I2.2[ 
For completeness, we sketch the proof. 

The assumptions on Q. and (f> imply that Q. satisfies (12.21) for some p > and satisfies 
(12.41) . Let 6 be the small constant given by an analogous version of Theorem 11.11 which 
will be explained later. In particular, e depends only on n,p, q. A, A,p and a. Let c be as 
in Remark [Z]6l 

Since g G C{Q), we can find m < c depending only on e, A and the modulus of conti- 
nuity of g such that 

\g{x) - g{y)\ < Ae for all x,y eQ. satisfying \x-y\< m. 

Hence it follows from (12.81) that for s < nr' and any boundary point y 6 dO., we have 

(5.122) \gix) - g{y)\ < Ae for all xeS^iy, s). 

Let us consider a boundary point y e dQ. and for simplicity we assume that y = 0. 
We can assume further that Q satisfies (12.61) . ^(0) = and V0(O) = 0. Then by the 
Localization Theorem, there is a linear map r, = s~^^^As such that 

(5.123) UnBtC r,(5^(0,5)) c Qn5,-i, 
where 

detA, = 1, and ||A,||, < r '| log 5|. 

By working with the function g(0)^(f){x) instead of <p(x) and using (15.1221) . we can also 
assume that g(0) = 1 and 

l-e<g<l + € in 5^(0,5). 

We now define the rescaled domains U,^ := 1^(5^(0, s)), Q.s '■= Ts(0.) and the rescaled 
functions 0^, := u o T~^, as in Subsection 12.21 that preserve the U"-norm of u. We 
claim that 

(5.124) II^'"^^IIl.<5,,(o,.'')) ^ c{^\^^\\l-w.) + WMmu,)), 

where C > depends only on p, q, n,p. A, A, a, the uniform convexity of dQ., ||5Q||c2.'v and 
Il0llc2"(fjn)- Then by rescaling back as in the proof of Lemma 13.1 II we obtain 

(5.125) <0*-'|log5p||M||™ + C55'i-i^ 

<C(5)(|MI™ + ||/lb(n)) Vye^a 
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Let 6 := c'^s. By we know that S^(y, 6)DQn B(y, 6^1^). Therefore if we let 

then we can cover the 6^^^ neighborhood of Q, that is 11 \ Q-s^n, by a finite number of 
boundary sections {S^Cyy, Then by adding (15.1251) over the family {S ^{yj,5)\^j^^, 

we arrive at the W^'^ estimate at the boundary 

l|£>^M||L/'(n\n,2/3) ^ C(||M||L~(n) + WfWmn))- 
On the other hand, by the interior estimate in I1GN2[ Theorem 1.1], we also have 

l|£>^M||L/'(n,2/3) ^ C'(||m||l"(£1) + ||/||L''(n)). 

Our Theorem 11.21 follows from the above inequalities. 

We now indicate how to obtain the claim (15.1241) . The proof consists of reviewing the 
proof of Theorem 1 1.1[ By (12.81) . we have 

We use Lemma [3.131 to cover Us n Bci. We restrict our estimates on the distribution 
function for the second derivatives in Lemma 13.41 to n B^i . Lemma 15.21 holds with 
obvious changes for the data {Q.^, Ug). So does Lemma 15.41 provided that we have 
an analogous version of Lemma [53] for our data (Q.^, (f>s. Us). Precisely, let S (p^yo, h) be 
a section of 0s in Us such that jq 6 dUs n and Sti,fyo,h) n Gy{Us, Us,(ps) for 
some 7 > (say, y e S^^(yo,h) n Gy{Us, Us,<ps))- By Lemma [23] and the Localization 
Theorem 12. 21 there exists an affine map fh such that 

fh{yo) = yo and n B,(yo) cUh:= f ,(S ^XJo, 0h)) clTs n B,-.(yo). 

Here > 1 is the same constant at the beginning of the proof of Lemma [54] We need to 
show that the C^'" norm on the boundary dUh n Bkiya) of the following function 

(5.126) viz) := ^ [us(f,'z) - Us(y) - Vus(y) ■ (ti,'z-y)] , z 6 MUs) 

is bounded by a constant which is independent of the uniform convexity of Us- The 
function v is defined in a similar way to the definition of the function v in (15.1061) . We note 
that the uniform convexity of the boundary dO. plays a key role in the proof of Lemma [53] 
Thus we can not obtain the desired result by repeating the proof of Lemma 15.51 for our 
data (Q.S, (ps. Us) since the uniform convexity of dQ.s deteriorates as 5 ^ 0. However, we 
can get away from this as follows. 

Let T := Ts. Then T normalizes the section S^(T'^^yo, 6hs), and 

\\T\\<k~\ehsy^'^\\og{eh)\\\ogs\, \\T-^\\<k~^{ehsyi^\\og{eh)\\^ogs\. 
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Moreover, x := T^^(y) 6 S^(T^^yo, Ohs) n Gys-i(u, O., (p) and 

T{S^{T-'y^,6hs)) = T,{S^fyo,6h)) = U,. 
Therefore, by reviewing the proof of Lemma 153] we see that the function 

^(3^) := TtAtT- W-'y) - u{x) - Vu{x) ■ {J-'y - x)l , y& T(Q.) 

satisfies 

(5-127) ll^llc^.<^f>.n«Kf„(yo))) ^ 

with Ca depending on the uniform convexity of Q.. But since fhiyo) = yo and v = v on f//, 
as ^^(j) = u{T~^y), we conclude that the C"^'" norm of v on dUh n Btiyo) is bounded by 
the same constant Cq, in (15.1271) . Hence the claim (15.1241) follows as explained above. 

□ 

References 

[B] Brenier, Y. Polar factorization and monotone rearrangement of vector-valued functions. Comm. Pure 
Appl. Math., 44 (1991), no. 4, 375-417. 

[C3] Caffarelli, L. A. Interior W'^'^ estimates for solutions to the Monge-Ampere equation. Ann. of Math. 

131 (1990), no. 1, 135-150. 
[CC] Caffarelli, L. A and Cabre, X. Fully nonlinear elliptic equations. American Mathematical Society 

Colloquium Publications, volume 43, 1995. 
[CG2] CaffarelU, L. A and Gutierrez, C. E. Properties of the solutions of the linearized Monge-Ampere 

equation. Amer J. Math. 119 (1997), no. 2, 423-465. 
[CNP] Cullen, M. J. P.; Norbury, J.; Purser, R. J. Generalized Lagrangian solutions for atmospheric and 

oceanic flows. SI AM J. Appl. Anal, 51 (1991), no. 1, 20-31. 

[CNS] CaflFarelli, L. A.; Nirenberg, L.; and Spruck, J. The Dirichlet problem for nonlinear second order 
elliptic equations, I. Monge-Ampere equations. Comm. Pure. Appl. Math. 37 (1984), no. 3, 369-402. 

[dPF] De Phillipis, G.; and Figalli, A. W^ ' regularity for solutions of the Monge-Ampere equation, 
arXiv: 1111 .7207v2 [math.AP], to appear in Invent. Math. 

[DPF2] De Phillipis, G.; and Figalli, A. Second order stability for the Monge-Ampere equation and strong 
Sobolev convergence of optimal transportation maps, arXiv: 1202. 5561 v2 [math.AP]. 

[DPFS] De Phillipis, G., Figalli, A., and Savin, O. A note on interior W^ '^*^ estimates for the Monge- 
Ampere equation, arXiv:1202.5566v2 [math.AP]. 

[Dl] Donaldson, S. K. Scalar curvature and stability of toric varieties. J. Differential Geom. 62 (2002), no. 
2, 289-349 

[D2] Donaldson, S. K. Interior estimates for solutions of Abreu's equation. Collect. Math. 56 (2005), no. 
2, 103-142 

[D3] Donaldson, S. K. Extremal metrics on toric surfaces: a continuity method. J. Differential Geom. 79 
(2008), no. 3, 389^32. 

[D4] Donaldson, S. K. Constant scalar curvature metrics on toric surfaces. Geom. Fund. Anal. 19 (2009), 
no. 1, 83-136. 



66 



NAM Q. LE AND TRUYEN NGUYEN 



[GiT] Gilbarg, D. and Trudinger, N. S. Elliptic partial differential equations of second order Springer- 
Verlag, New York, 2001. 

[G] Gutierrez, C. E. The Monge-Ampere equation. Birkhaiiser, Boston, 2001. 

[GNl] Gutierrez, C. E. and Nguyen, T. V. Interior gradient estimates for solutions to the linearized Monge- 
Ampere equation. Adv. Math. 228 (201 1), no. 4, 2034-2070. 

[GN2] Gutierrez, C. E and Nguyen, T. V. Interior second derivative estimates for solutions to the hnearized 
Monge-Ampere equation. arXiv:1208.5097vl [math.AP]. 

[GT] Gutierrez, C. E and Tournier, F. W~''^-estimates for the linearized Monge-Ampere equation. Trans. 
Amer Math. Soc. 358 (2006), no. 1 1, 4843-4872. 

[H09] Huang, Q. Sharp regularity results on second derivatives of solutions to the Monge-Ampere equation 
with VMO type data. Comm. Pure. Appl. Math. 62 (2009), no. 5, 677-705. 

[K] Krylov, N. V. Boundedly inhomogeneous elliptic and parabolic equations in a domain. (Russian) Izv. 
Akad. Nauk SSSR Ser. Mat. 47 (1983), no. 1, 75-108. 

[L] Le, N. Q. Global second derivative estimates for the second boundary value problem of the prescribed 
affine mean curvature and Abreu's equations. Int. Math. Res. Not. (2012), doi: 10.1093/imm/msl23. 

[LN] Le, N. Q. and Nguyen, T. V. Geometric properties of boundary sections of solutions to the Monge- 
Ampere equation and applications, arXiv:1205.6882vl [math.AP]. 

[LS] Le, N. Q. and Savin, O. Boundary regularity for solutions to the linearized Monge-Ampere equations, 

arXiv:1109.5677vl [math.AP]. 
[LTW] Liu, J.; Trudinger, N. S. and Wang, X-J. On asymptotic behavior and W^''' regularity of potentials 

in Optimal Transportation. Preprint, 2010. 

[Loe] Loeper, G. A fully nonlinear version of the incompressible euler equations: the semigeostrophic 
system. SI AM J. Math. Anal, 38 (2006), no. 3, 795-823. 

[SI] Savin, O. A localization property at the boundary for the Monge-Ampere equation. Advances in Geo- 
metric Analysis, 45-68, Adv. Lect. Math. (ALM), 21, Int. Press, Somerville, MA, 2012. 

[S2] Savin, O. Pointwise C'" estimates at the boundary for the Monge-Ampere equation, 
arXiv:l 101.5436vl [math.AP], to appear in /. Amer Math. Soc. 

[S3] Savin, O. Global W^''' estimates for the Monge-Ampere equations, arXiv:l 103.0456vl [math.AP], to 
appear in Proc. Amer Math. Soc. 

[Sch] Schmidt, T. estimates for the Monge-Ampere equation. Preprint 2012. 

[TW] Trudinger, N. S, and Wang, X. J. Boundary regularity for Monge-Ampere and affine maximal surface 
equations. A««. of Math. 167 (2008), no. 3, 993-1028. 

[TWl] Trudinger, N. S.; Wang, X. J. The Bernstein problem for affine maximal hypersurfaces. Invent. 
Math. 140 (2000), no. 2, 399-422. 

[TW2] Trudinger, N.S. and Wang, X.J. The affine plateau problem, J. Amer Math. Soc. 18(2005), 253-289. 
[TW3] Trudinger, N. S. and Wang, X. J. The Monge-Ampere equation and its geometric applications. 

Handbook of geometric analysis. No. 1, 467-524, Adv. Lect. Math. (ALM), 7, Int. Press, Somerville, MA, 

2008. 

[W] Wang, X. J. Some counterexamples to the regularity of Monge-Ampere equations. Proc. Amer Math. 
Soc. 123 (1995), no. 3, 841-845. 

[Wi] Winter, N. W^-'' and W'-'^-estimates at the boundary for solutions of fully nonlinear, uniformly elliptic 
equations. Z. Anal. Anwend. 28 (2009), no.2, 129-164. 



GLOBAL IV' " ESTIMATES FOR LINEARIZED MONGE-AMPERE 



67 



[Zh] Zhou, B. The first boundary value problem for Abreu's equation. Int. Math. Res. Not., doi: 
10.1 093/imrn/rnr076, 20 1 1 . 

Department of Mathematics, Columbia University, New York, NY 10027, USA 
E-mail address: namle@math . Columbia . edu 

Department of Mathematics, The University of Akron, Akron, OH 44325, USA 
E-mail address: tnguyen@uakron . edu 



